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HesBHble pyHKLMU, onpesensieMble OfHUM YpaBHEHUEM

PaccmoTpum ypaeHenmne F(x,y) =0, rge F — dyHKUMS ABYX NEPEMEHHBIX X, V.

Onpegenexne

@yukums f: X — R, X C R, Ha3biBaeTcs HesBHOI PyHKUMER, OnpeaensieMoi
ypasHeHuem F(x,y) =0, ecnn

F(x,f(x))=0 VxeX.

Ecnn xe Ha HekoTopom mHoxecTee E C R? ypasHenuns F(x,y) =0u y = f(x)
SKBUBAJIEHTHbI, TO FOBOPSIT, 4TO ypasHeHue F(x,y) = 0 paspewunmo Ha E
OTHOCUTEJILHO MEPEMEHHOIO Y .
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Teopema
Myctb dyrkums F aByx nepemerHbix x u y. F(xo, o) =0 n

@ F HenpepbiBHa Ha HekoTopoi okpectHocTn U(xp, yo);

© F)(x0,¥0) # 0 n coxpaHseT 3Hak Ha HekoTopoii okpectHocTn U(Xo, Y0)-
Torpa cylyecTByeT npsimoyrosibHasi okpecTHocTb Qs (X0, o) = Qs(x0) X Q=(¥o)
TOuKM (X, o) Takasi, 4TO Ha Hell

Fix,y)=0 < y=f(x),

roe dyHkums 11 Qs(x0) — Q=()o) HenpepbiBHa Ha Qs(xp), f(x0) = Yo-
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Teopema
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@ F HenpepbiBHa Ha HekoTopoi okpectHocTn U(xp, yo);
© F)(x0,¥0) # 0 n coxpaHseT 3Hak Ha HekoTopoii okpectHocTn U(Xo, Y0)-

Torpa cylyecTByeT npsimoyrosibHasi okpecTHocTb Qs (X0, o) = Qs(x0) X Q=(¥o)
ToukM (Xg, o) Takas, 4TO HA Hei

Fix,y)=0 < y=f(x),

roe dyHkums 11 Qs(x0) — Q=()o) HenpepbiBHa Ha Qs(xp), f(x0) = Yo-
Ecnn pononHutensHo cuntath, 4to F auddepeHuupyema B Touke (Xg, ¥o), TO f
F(x0, o)

/ e
andpdepeHumpyema B Touke xg u f'(xp) = EIET
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ToukM (Xg, o) Takas, 4TO HA Hei

Fix,y)=0 < y=f(x),

roe dyHkums 11 Qs(x0) — Q=()o) HenpepbiBHa Ha Qs(xp), f(x0) = Yo-
Ecnn pononHutensHo cuntath, 4to F auddepeHuupyema B Touke (Xg, ¥o), TO f
~ F(x0, )
F)(x0,¥0)"
Ecnm >e npu aTom HacTHble nponssogHbie F), F)ﬁ HenpepbisHbl Ha U(xp, ¥o), TO
_ F(x f(x)
Fy’(x, f(x))

andpdepeHumpyema B Touke xg u f'(xp) =

npoussogHas f'(x) = HenpepbiBHa HAa Qs5(Xp)-
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JokazaTtensctBo. llycts 0, € > 0 HACTONBLKO Masibl, HTO B 3aMbIKaHWN
NpAMOYronbHON OKpecTHOCTU Q.- (X0, Yo) pyHkumMs F HenpepbiBHa, a F)
coxpaHseT 3Hak. byaem cuntath, 4to F) > 0 Ha Qs (X0, ¥0). MoaTomy F(x,y)

npu kaxxgom ukCupoBaHHoM x € Qu(xp) Kak YHKLNS NepeMEHHOro y CTPOro
BO3pacTaeT Ha oTpeske [yp — &, ¥o + €.
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JokazaTtensctBo. llycts 0, € > 0 HACTONBLKO Masibl, HTO B 3aMbIKaHWN
NpAMOYronbHON OKpecTHOCTU Q.- (X0, Yo) pyHkumMs F HenpepbiBHa, a F)
coxpaHseT 3Hak. byaem cuntath, 4to F) > 0 Ha Qs (X0, ¥0). MoaTomy F(x,y)

npu kaxxgom ukCupoBaHHoM x € Qu(xp) Kak YHKLNS NepeMEHHOro y CTPOro
BO3pacTaeT Ha oTpeske [yp — &, ¥o + €.

Otciopa cnegyer (nockonbky F(xo, yo) = 0), uTo0

F(Xo,_yo — E) < 0, F(Xo,yo +5) > 0.
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JokazaTtensctBo. llycts 0, € > 0 HACTONBLKO Masibl, HTO B 3aMbIKaHWN
NpAMOYronbHON OKpecTHOCTU Q.- (X0, Yo) pyHkumMs F HenpepbiBHa, a F)
coxpaHseT 3Hak. byaem cuntath, 4to F) > 0 Ha Qs (X0, ¥0). MoaTomy F(x,y)
npu kaxxgom ukCupoBaHHoM x € Qu(xp) Kak YHKLNS NepeMEHHOro y CTPOro
BO3pacTaeT Ha oTpeske [yp — &, ¥o + €.

Otciopa cnegyer (nockonbky F(xo, yo) = 0), uTo0

F(Xo,y0—€)<0, F(Xo,y0+5) > 0.
®Pynkunn F(x, ¥ — <), F(x, Yo+ €) Kak cbyHKUMN NEPEMEHHOrO X HEMpPEepbIBHbI Ha
Qs (x0) (n, cnegoBatensHo, 06nafalOT CBONCTBOM COXPaHEHUsI 3HaKa), Tak 4YTO

Haiigetcs § € (0, o] Takoe, 4TO

F(x,y0—¢) <0, F(x,y0+¢)>0 Vxe Qs(x).
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3adukcupyem nponssonbHoe 3HaueHne x* € Qs(xo). Mockonbky

F(x*,y0 —€) <0, F(x*,y0 4+ &) > 0, To no Teopeme KoLumn 0 npomexxyTo4HOM
3HaYeHUn HenpepbiBHOM pyHkunu F(x*, y) Haiigetcsa y* € (yo — &, o + €), npu
kotopom F(x*, y*) = 0. Takoe 3Ha4yeHMe y* €ANHCTBEHHO B CUJIy CTPOrON
MoHoTOHHOCTM byHKLun F(x*,y). ObosHauum y* = f(x*). Takum obpazom,
noctpoeHa dyrkums f: Qs(xo) = Q=(yo) Takas, 4to f(x0) = o,

Fix,y)=0 & y=1£(x) Ha Qs:(x0, 1)

N3 nocnepnero cootHowehns nonydaem, 4to F(x, f(x)) =0 npu x € Qs5(xp).
VcTanoBuM HenpepbiBHOCTL dhyHkuumn f Ha Qs(x0). HenpepbisHocTs f B TOuKe Xo
crneflyeT M3 TOro, HTO B NPUBEAEHHBIX NOCTPOEHUSIX 4MCI0 € > 0 MOXKHO CYMTaTh
CKOJIb YTOLHO MasbIM, TMPUYEM AJISI KAXKAOrO [JOCTAaTOMHO Masioro € > 0 6biio
ykazaHo § = d(g) > 0 Takoe, 4to f(Qs5(x0)) C Q-(y0) = Q=(f(x0)).

MycTb Tenepb x* — nponssonbHas Touka 3 Qs(xo), y* = f(x*). Ycnosus
TeopeMbl BbINOJIHAOTCA NOC/e 3aMeHbl B HUX (Xo, Yo) Ha (x*, y*). CnepgoBaTenbHo,
Mo y>e AOoKa3aHHOMY, f HenpepbiBHA B TOYKE Xx*,
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Mpeanonoxum Tenepsb, 4to F anddepeHuympyema B Touke (xo, ¥o). B cuny
andeperympyemoctu pyHkumum F

F(xo + Ax,yo + Ay) — F(x0, 0) =

= F(x0, ¥0)Ax + Fy(x0, o) Ay+
+e1(Ax, Ay)Ax + ex(Ax, Ay)Ay,
rae €/(Ax, Ay) — 0 npn (Ax, Ay) — (0,0), i = 1,2. 3gecs bygem cuntats |Ax]|
poctatodHo mansim, Ay = f(xg + Ax) — f(x0) = Af(xp), Tak 4TO
yo + Ay = f(xo + Ax).

Torpa nonyyaem
0 = Fy(x0, o) Ax + Fy(x0, y0) Ay +

+e1(Ax, Ay)Ax + ea(Ax, Ay)Ay.
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Tak kak |Ax|, a 3HaunT, u |Ay| = |Af] goctaToHHO Manbl, nMeem

Ay — F;(XO’yO) +51(AX7Ay)AX _ F;(XanO)
Fy(x0, ¥0) + £2(Ax, Ay) Fy (%0, y0)

Ax + o(Ax)

npu Ax — 0. CnepoBatensHo, dyHkuus f auddepeHumpyema B TOUKE Xg 1

F(x) = — F(x0.5) _  Fi(x, (%))
° F)(x0, y0) F)(x0, f(x0))

Ecnun dyHkuns F guddepeHumpyema He Tonbko B ToHKe (Xp, ¥o), HO 1 Ha
okpectHocTn Qs.-(x0, ¥o), TO nocnegHsisi popmyna BepHa ans noboro x € Qs(xp):

Fi(x, f(x))

f’(X) _ _m Vx e Qé(XO)-

V13 370l hopmynbl BhITEKAET NOCnefHEe YyTBEPKAEHNE TEOPEMbI.
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0606w M TeopeMy Ha Cllyyaii HesiBHOW (PyHKLUMM, 3a4aHHOI YpaBHEHUEM
F(x1,...,xn,y)=0.
[Hanee bygem nosib30BaTbCsA 0OO3HAYEHUSIMUA:

X = (X1, ,Xn), x© = (xl(o),...7x(

(va) = (Xla""xn’y)7 ( ayO) (X a""XrSO)vyO)’
F(va) = F(Xla"'axna)/)'
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Teopema

Myctb 3apana dyHkuma F(x,y) = F(x1,...,xny). F(x©, %) =0n
© F HenpepbigHa Ha HekoTopoii okpecTHocTi U(x(?), yo) Toukn (x(9), yp):;
Q@ F)(x©,y) # 0, F, nenpepeisna 8 Touke (x(9, yp).

Torpa cyujectsyeT Kybudeckas okpectHocTs Qs(x(?), yp) Toukm (x(©), yp) Takas,
YTO Ha Hen

Fix,y)=0 & y=f(x),

roe dbynkuma £ Qs(x(9)) — R nenpepbisra Ha Qs5(x(?)), F(x(9) = yo,
F(x,f(x)) =0 npu x € Qs(x®).
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Ecnm gononnuTensHo ussectHo, 4to F auddepenumpyema s Todke (x(9), yp), T0
Of oy = Fulxy0)

f anddeperumnpyema B Touke X nnpn i =1,..., 0 — =
AvcpcpepeHynpy P % F1(xO, o)
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Teopema

Myctb 3apana dyHkuma F(x,y) = F(x1,...,xny). F(x©, %) =0n
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YTO Ha Hen

Fix,y)=0 & y=f(x),

roe dbynkuma £ Qs(x(9)) — R nenpepbisra Ha Qs5(x(?)), F(x(9) = yo,

F(x,f(x)) =0 npu x € Qs(x®).

Ecnm gononnuTensHo ussectHo, 4to F auddepenumpyema s Todke (x(9), yp), T0

f audbdpepenumpyema s Touke x(0 u npu i =1 n: of (x©) = —M
A peHuupy p pooogllh aX’_ F;(X(O),yo)'

Ecnu e npu 3TOM BCe HaCTHbIE NPON3BOAHbBIE NEPBOro NopsiAKa dyHkuun F

nenpepbirbl Ha U(x(), yg), To npu i = 1, ..., n npoussoaHbie

af( ) F;’,(X, f(X))

X)=————
Ox; F, (x, f(x))

nenpepbitbl Ha Qs(x(%)).

[oka3aTenbCTBO aHANOrMYHO JOKA3aTENbCTBY NPEAbISYLUEN TEOPEMBI.
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