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Ðÿä Òåéëîðà

Åñëè ôóíêöèÿ f : U(x0)→ R îïðåäåëåíà â íåêîòîðîé îêðåñòíîñòè òî÷êè
x0 ∈ R è èìååò â òî÷êå x0 ïðîèçâîäíûå âñåõ ïîðÿäêîâ (òî åñòü f ÿâëÿåòñÿ
áåñêîíå÷íî äèôôåðåíöèðóåìîé â òî÷êå x0 ôóíêöèåé), òî ñòåïåííîé ðÿä

∞∑
k=0

f (k)(x0)

k!
(x − x0)

k

íàçûâàåòñÿ ðÿäîì Òåéëîðà ôóíêöèè f â òî÷êå x0.
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Ïóñòü ∃ f (n)(x0) ∀ n ∈ N. Çàïèøåì ðàçëîæåíèå ôóíêöèè f ïî ôîðìóëå
Òåéëîðà:

f (x) = Sn(x) + rn(x),

ãäå Sn(x) =
n∑

k=0

f (k)(x0)

k!
(x − x0)

k � ìíîãî÷ëåí Òåéëîðà, rn(x) � îñòàòî÷íûé

÷ëåí ôîðìóëû Òåéëîðà. Çàìåòèì, ÷òî Sn(x) ÿâëÿåòñÿ ÷àñòè÷íîé ñóììîé
ðÿäà Òåéëîðà ôóíêöèè f . Ïîýòîìó äëÿ ôèêñèðîâàííîãî x ýêâèâàëåíòíû
ñîîòíîøåíèÿ [

f (x) =
∞∑
k=0

f (k)(x0)

k!
(x − x0)

k

]
⇔

⇔ [Sn(x)→ f (x) ïðè n→∞] ⇔

⇔ [rn(x)→ 0 ïðè n→∞].

Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà âîçìîæíîñòè ðàçëîæåíèÿ ôóíêöèè f â
ñòåïåííîé ðÿä (òî åñòü â ðÿä Òåéëîðà) â äàííîé òî÷êå x äîñòàòî÷íî
ïîêàçàòü, ÷òî rn(x)→ 0 ïðè n→∞. Äëÿ ýòîãî íàì ïîíàäîáÿòñÿ ðàçëè÷íûå
ôîðìû îñòàòî÷íîãî ÷ëåíà ôîðìóëû Òåéëîðà.
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Òåîðåìà

Ïóñòü ïðîèçâîäíàÿ f (n+1) ôóíêöèè f íåïðåðûâíà íà îòðåçêå ñ êîíöàìè â x0 è
x . Òîãäà îñòàòî÷íûé ÷ëåí ôîðìóëû Òåéëîðà ìîæíî ïðåäñòàâèòü â
èíòåãðàëüíîé ôîðìå:

rn(x) =
1

n!

∫ x

x0

(x − t)nf (n+1)(t) dt,

â ôîðìå Ëàãðàíæà:

rn(x) =
f (n+1)(x0 + θ(x − x0))

(n + 1)!
(x − x0)

n+1, 0 < θ < 1,

è â ôîðìå Êîøè:

rn(x) =
f (n+1)(x0 + θ(x − x0))

n!
(1− θ)n(x − x0)

n+1, 0 < θ < 1.
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Äîêàçàòåëüñòâî. Ïóñòü, äëÿ îïðåäåëåííîñòè, x > x0. Óñòàíîâèì ñíà÷àëà
ðàâåíñòâî

f (x) =
n∑

k=0

f (k)(x0)

k!
(x − x0)

k +
1

n!

∫ x

x0

(x − t)nf (n+1)(t) dt.

Ïðèìåíèì ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè. Ïðè n = 0 ýòà ôîðìóëà
ñîâïàäàåò ñ ôîðìóëîé Íüþòîíà�Ëåéáíèöà:

f (x)− f (x0) =

∫ x

x0

f ′(t) dt.

Ïðåäïîëîæèì, ÷òî ýòà ôîðìóëà âåðíà ïðè n − 1 âìåñòî n, òî åñòü

f (x) =
n−1∑
k=0

f (k)(x0)

k!
(x − x0)

k +
1

(n − 1)!

∫ x

x0

(x − t)n−1f (n)(t) dt.
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Ïðåîáðàçóåì èíòåãðàë â ïðàâîé ÷àñòè ñ ïîìîùüþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì:

1

(n − 1)!

∫ x

x0

(x − t)n−1f (n)(t) dt =

=

(
− 1

n!
f (n)(t)(x − t)n

)∣∣∣∣t=x

t=x0

+
1

n!

∫ x

x0

(x − t)nf (n+1)(t) dt =

=
1

n!
f (n)(x0)(x − x0)

n +
1

n!

∫ x

x0

(x − t)nf (n+1)(t) dt.
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Äëÿ äîêàçàòåëüñòâà

rn(x) =
f (n+1)(x0 + θ(x − x0))

(n + 1)!
(x − x0)

n+1, 0 < θ < 1,

ïðèìåíèì ê èíòåãðàëó

rn(x) =
1

n!

∫ x

x0

(x − t)nf (n+1)(t) dt,

èíòåãðàëüíóþ òåîðåìó î ñðåäíåì, çàìåòèâ, ÷òî ìíîæèòåëü (x − t)n

ïîäûíòåãðàëüíîãî âûðàæåíèÿ íå ìåíÿåò çíàêà. Òîãäà

rn(x) =
f (n+1)(x0 + θ(x − x0))

n!

∫ x

x0

(x − t)ndt =

=
f (n+1)(x0 + θ(x − x0))

(n + 1)!
(x − x0)

n+1.
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Äëÿ äîêàçàòåëüñòâà

rn(x) =
f (n+1)(x0 + θ(x − x0))

n!
(1− θ)n(x − x0)

n+1, 0 < θ < 1.

ïðèìåíèì ê èíòåãðàëó

rn(x) =
1

n!

∫ x

x0

(x − t)nf (n+1)(t) dt,

òó æå èíòåãðàëüíóþ òåîðåìó î ñðåäíåì, âûíîñÿ çà çíàê èíòåãðàëà ñðåäíåå
çíà÷åíèå âñåé ïîäûíòåãðàëüíîé ôóíêöèè. Òîãäà

rn(x) =
f (n+1)(x0 + θ(x − x0))

n!
[x − (x0 + θ(x − x0))]

n(x − x0),

÷òî ñîâïàäàåò ñ òðåáóåìûì ðàâåíñòâîì.
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Ïåðåéäåì ê âûâîäó ðàçëîæåíèé îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé â ðÿä
Òåéëîðà, ñ÷èòàÿ x0 = 0 (â ýòîì ñëó÷àå ðÿä Òåéëîðà íàçûâàþò ðÿäîì
Ìàêëîðåíà). Èíà÷å ãîâîðÿ, äëÿ êàæäîé ðàññìàòðèâàåìîé íèæå ôóíêöèè f
âûÿñíèì, íà êàêîì ìíîæåñòâå E ⊂ R âûïîëíÿåòñÿ ðàâåíñòâî

f (x) =
∞∑
k=0

f (k)(0)

k!
xk .
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Ïðèìåð

f (x) = ex . Ïîêàæåì, ÷òî

ex =
∞∑
k=0

xk

k!
= 1 +

x

1!
+

x2

2!
+

x3

3!
+ . . . ∀ x ∈ (−∞,+∞).

Îñòàòî÷íûé ÷ëåí ôîðìóëû Òåéëîðà â ôîðìå Ëàãðàíæà èìååò âèä

rn(x) =
eθx

(n + 1)!
xn+1,

òàê ÷òî äëÿ êàæäîãî ôèêñèðîâàííîãî x ∈ (−∞,+∞)

|rn(x)| 6
1

(n + 1)!
e|x||x |n+1 → 0 ïðè n→∞.

Ðàäèóñ ñõîäèìîñòè ýòîãî ñòåïåííîãî ðÿäà R = +∞.
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Ïðèìåð

f (x) = sin x . Ïîêàæåì, ÷òî

sin x =
∞∑
k=0

(−1)k

(2k + 1)!
x2k+1 = x − x3

3!
+

x5

5!
− . . . ∀ x ∈ (−∞,+∞).

Îñòàòî÷íûé ÷ëåí ôîðìóëû Òåéëîðà â ôîðìå Ëàãðàíæà èìååò âèä

rn(x) = ±
1

(n + 1)!
{sin θx cos θx} xn+1,

òàê ÷òî äëÿ êàæäîãî ôèêñèðîâàííîãî x ∈ (−∞,+∞)

|rn(x)| 6
|x |n+1

(n + 1)!
→ 0 ïðè n→∞.

Ðàäèóñ ñõîäèìîñòè ýòîãî ñòåïåííîãî ðÿäà R = +∞.
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Ïðèìåð

f (x) = (1+ x)α ïðè α ∈ R \N0 (òàê ÷òî ôóíêöèÿ f íå ÿâëÿåòñÿ ìíîãî÷ëåíîì).
Ïðîèçâîäíàÿ f (n)(x) = α(α− 1) . . . (α− n + 1)(1 + x)α−n ∀ n ∈ N. Ïîêàæåì,
÷òî

(1 + x)α = 1 +
∞∑
n=1

α(α−1) . . . (α−n+1)

n!
xn ïðè |x | < 1.

Çàìåòèì, ÷òî ðàäèóñ ñõîäèìîñòè ýòîãî ðÿäà R = 1, ÷òî ëåãêî óñòàíîâèòü,
ïðèìåíÿÿ ïðèçíàê Ä'Àëàìáåðà äëÿ âûÿñíåíèÿ àáñîëþòíîé ñõîäèìîñòè ýòîãî
ðÿäà. Òàê ÷òî ðàâåíñòâî äàííîå ðàâåíñòâî îêàæåòñÿ ñïðàâåäëèâûì íà
èíòåðâàëå ñõîäèìîñòè ðÿäà.
Ïðè x = 0 ðàçëîæåíèå î÷åâèäíî.
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Ïóñòü 0 < |x | < 1. Îñòàòî÷íûé ÷ëåí ôîðìóëû Òåéëîðà â èíòåãðàëüíîé
ôîðìå èìååò âèä

rn(x) =
1

n!

∫ x

0

(x − t)nf (n+1)(t) dt =

=
α(α− 1) . . . (α− n)

n!

∫ x

0

(x − t)n(1 + t)α−n−1dt.

Îòñþäà

|rn+1(x)|
|rn(x)|

=
|α− n − 1|

n + 1

∣∣∣∫ x

0
|x − t|n(1 + t)α−n−1 |x−t|1+t dt

∣∣∣∣∣∫ x

0
|x − t|n(1 + t)α−n−1dt

∣∣ .
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Çàìåòèì, ÷òî

|x − t|
1 + t

6
|x | − |t|
1− |t|

= |x |
1− |t||x|
1− |t|

6 |x |.

Ñëåäîâàòåëüíî, ïðè ôèêñèðîâàííîì x è ïðè äîñòàòî÷íî ìàëîì ε > 0
ñóùåñòâóåò òàêîå N ∈ N, ÷òî ïðè n > N

|rn+1(x)|
|rn(x)|

6
|n + 1− α|

n + 1
|x | 6 (1 + ε)|x | = q < 1.

Ýòî îçíà÷àåò, ÷òî |rn(x)| ñòðåìèòñÿ ê íóëþ ïðè n→∞ íå ìåäëåííåå, ÷åì
÷ëåí óáûâàþùåé ãåîìåòðè÷åñêîé ïðîãðåññèè. Òàêèì îáðàçîì, òðåáóåìîå
ðàçëîæåíèå óñòàíîâëåíî.
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