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Ñâîéñòâà èíòåãðèðóåìûõ ôóíêöèé

Ëåììà

Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà îòðåçêå [a; b], è ïóñòü [a∗; b∗] ⊂ [a; b].
Òîãäà f èíòåãðèðóåìà íà [a∗; b∗].

Äîêàçàòåëüñòâî. Ïóñòü τ∗ = {x∗i } � ïðîèçâîëüíîå ðàçáèåíèå îòðåçêà [a∗, b∗].
Äîïîëíèì τ∗ äî ðàçáèåíèÿ τ = {xi} îòðåçêà [a; b] ñ ìåëêîñòüþ |τ | = |τ∗|.
Òîãäà ∑

16i6iτ∗

ω∗i (f )∆x∗i 6
∑

16i6iτ

ωi (f )∆xi ,

ãäå ω∗i (f ) = ω(f ; [x∗i−1, x
∗
i ]).

Äëÿ ïðàâîé ÷àñòè íåðàâåíñòâà âûïîëíåíî ñòðåìèòñÿ ê íóëþ, ïðè ñòðåìëåíèè
ê íóëþ ìåëêîñòè. Ñëåäîâàòåëüíî, è ëåâàÿ ÷àñòü ñòðåìèòñÿ ê íóëþ.
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Ëåììà (Àääèòèâíîñòü èíòåãðàëà îòíîñèòåëüíî îòðåçêîâ
èíòåãðèðîâàíèÿ)

Ïóñòü a < c < b, ôóíêöèÿ f èíòåãðèðóåìà íà [a, c] è íà [c , b]. Òîãäà f
èíòåãðèðóåìà íà [a; b], ïðè÷åì∫ b

a

f (x) dx =

∫ c

a

f (x) dx +

∫ b

c

f (x) dx .

Äîêàçàòåëüñòâî. Ôóíêöèÿ f êàê èíòåãðèðóåìàÿ íà [a, c] è íà [c , b]
îãðàíè÷åíà: |f (x)| 6 M ïðè x ∈ [a; b].
Ïóñòü τ = {xi}iτ0 � ïðîèçâîëüíîå ðàçáèåíèå îòðåçêà [a; b], τc � ðàçáèåíèå
[a; b], ïîëó÷åííîå äîïîëíåíèåì ðàçáèåíèÿ τ òî÷êîé c (èëè ñîâïàäàþùåå ñ τ ,
åñëè c ∈ τ). Ïóñòü τ ′c , τ ′′c � ñîîòâåòñòâåííî ðàçáèåíèÿ îòðåçêîâ [a, c], [c , b],
ïîðîæäåííûå ðàçáèåíèåì τc .
Ñðàâíèì èíòåãðàëüíûå ñóììû Ðèìàíà Sτ (f ), Sτ ′c (f ), Sτ ′′c (f ), ñ÷èòàÿ
îòìå÷åííûå òî÷êè â ïåðâîé èç íèõ ïðîèçâîëüíî âûáðàííûìè, à âî âòîðîé è â
òðåòüåé � âûáðàííûìè ñîâïàäàþùèìè ñ îòìå÷åííûìè òî÷êàìè â Sτ (f ) (çà
èñêëþ÷åíèåì îòðåçêîâ ðàçáèåíèÿ ñ êîíöàìè â òî÷êå c).
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Òîãäà
Sτ (f )− Sτ ′c (f )− Sτ ′′c (f ) = 0, åñëè c ∈ τ.

Åñëè æå c 6∈ τ , c ∈ (xi0−1, xi0), òî ïðè ξi0 ∈ [xi0−1, xi0 ], ξ′ ∈ [xi0−1, c], ξ′′ ∈ [c , xi0 ]

Sτ (f )− Sτ ′c (f )− Sτ ′′c (f ) = f (ξi0)∆xi0 − f (ξ′)(c − xi0−1)− f (ξ′′)(xi0 − c).

Îòñþäà ïîëó÷àåì, ÷òî∣∣Sτ (f )− Sτ ′c (f )− Sτ ′′c (f )
∣∣ 6 2M∆xi0 6 2M|τ |.

Óñòðåìëÿÿ |τ | ê íóëþ è ó÷èòûâàÿ, ÷òî ïðè ýòîì

Sτ ′c (f )→
∫ c

a

f (x) dx , Sτ ′′c (f )→
∫ b

c

f (x) dx ,

çàêëþ÷àåì, ÷òî ÷òî ôóíêöèÿ èíòåãðèðóåìà íà [a; b] è∫ b

a

f (x) dx =

∫ c

a

f (x) dx +

∫ b

c

f (x) dx .
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Çàìå÷àíèå

Ïîëîæèì

∫ a

a

f (x) dx = 0 è

∫ a

b

f (x) dx = −
∫ b

a

f (x) dx ïðè a < b. Òîãäà

ðàâåíñòâî ∫ b

a

f (x) dx =

∫ c

a

f (x) dx +

∫ b

c

f (x) dx .

ñïðàâåäëèâî ïðè ëþáîì ðàñïîëîæåíèè òî÷åê a, b, c äëÿ ôóíêöèè f ,
èíòåãðèðóåìîé íà îòðåçêå, ñîäåðæàùåì ýòè òî÷êè.
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Ëåììà (Ëèíåéíîñòü èíòåãðàëà)

Åñëè ôóíêöèè f , g èíòåãðèðóåìû íà [a; b], λ, µ ∈ R, òî ôóíêöèÿ λf + µg
òàêæå èíòåãðèðóåìà íà [a; b], ïðè÷åì∫ b

a

(λf (x) + µg(x)) dx = λ

∫ b

a

f (x) dx + µ

∫ b

a

g(x) dx .

Äîêàçàòåëüñòâî ïîëó÷àåòñÿ ïðåäåëüíûì ïåðåõîäîì ïðè |τ | → 0 èç
ñîîòâåòñòâóþùåãî ðàâåíñòâà äëÿ èíòåãðàëüíûõ ñóìì Ðèìàíà.
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Ëåììà

Åñëè ôóíêöèè f , g èíòåãðèðóåìû íà [a; b], òî èõ ïðîèçâåäåíèå fg òàêæå
èíòåãðèðóåìî íà [a; b].

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

f (x0 + ∆x)g(x0 + ∆x)− f (x0)g(x0 + ∆x) + f (x0)g(x0 + ∆x)− f (x0)g(x0) =

= ∆f (x0)g(x0 + ∆x) + f (x0)∆g(x0).

Îòñþäà ïðè óñëîâèè îãðàíè÷åííîñòè ôóíêöèé f , g íà îòðåçêå [a; b], èìååì

ω(fg ; [c , d ]) 6 M ω(f ; [c , d ]) + M ω(g ; [c , d ]),

åñëè [c , d ] ⊂ [a; b], |f |, |g | 6 M íà [a; b].
Ñëåäîâàòåëüíî,

iτ∑
i=1

ωi (fg)∆xi 6 M
iτ∑
i=1

ωi (f )∆xi + M
iτ∑
i=1

ωi (g)∆xi .

Óñòðåìëÿÿ |τ | ê íóëþ è ïîëüçóÿñü êðèòåðèåì èíòåãðèðóåìîñòè ôóíêöèè,
ïîëó÷àåì, ÷òî ïðîèçâåäåíèå fg èíòåãðèðóåìî íà [a; b].
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Ëåììà

Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà [a; b] è inf
[a;b]

f > 0. Òîãäà ôóíêöèÿ
1

f
èíòåãðèðóåìà íà [a; b].

Äîêàçàòåëüñòâî, àíàëîãè÷íî ïðåäûäóùåé ëåììå, ñâîäèòñÿ ê îöåíêå

êîëåáàíèÿ ωi

(
1

f

)
÷åðåç êîëåáàíèå ωi (f ).
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Ëåììà
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Ëåììà

Ïóñòü ôóíêöèè f , g èíòåãðèðóåìû íà [a; b] è f 6 g íà [a; b]. Òîãäà∫ b

a

f (x) dx 6
∫ b

a

g(x) dx .

Äîêàçàòåëüñòâî. Äîñòàòî÷íî âîñïîëüçîâàòüñÿ ïðåäåëüíûì ïåðåõîäîì ïðè
|τ | → 0 â íåðàâåíñòâå äëÿ èíòåãðàëüíûõ ñóìì Ðèìàíà:

|Sτ (f ; ξ1, . . . , ξiτ )| 6 Sτ (g ; ξ1, . . . , ξiτ ).
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Ëåììà
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Ëåììà

Åñëè ôóíêöèÿ f èíòåãðèðóåìà íà [a; b], òî ôóíêöèÿ |f | èíòåãðèðóåìà íà [a; b]
è ∣∣∣∣∣

∫ b

a

f (x) dx

∣∣∣∣∣ 6
∫ b

a

|f (x)| dx .

Äîêàçàòåëüñòâî. Èíòåãðèðóåìîñòü |f | ñëåäóåò èç îöåíêè
|f (ξ′)| − |f (ξ′′)| 6 |f (ξ′)− f (ξ′′)|,

îòêóäà ωi (|f |) 6 ωi (f ) è

iτ∑
i=1

ωi (|f |)∆xi 6
iτ∑
i=1

ωi (f )∆xi .

Îöåíêà ∣∣∣∣∣
∫ b

a

f (x) dx

∣∣∣∣∣ 6
∫ b

a

|f (x)| dx .

ïîëó÷àåòñÿ ïðåäåëüíûì ïåðåõîäîì èç ñîîòâåòñòâóþùåé îöåíêè äëÿ
èíòåãðàëüíûõ ñóìì Ðèìàíà:

Sτ (f ; ξ1, . . . , ξiτ ) 6 Sτ (|f |; ξ1, . . . , ξiτ ).
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Ëåììà
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Çàìå÷àíèå

Èíòåãðèðóåìîñòü |f | íà [a; b] íå âëå÷åò çà ñîáîé èíòåãðèðóåìîñòü f íà [a; b],
÷òî ìîæíî óâèäåòü íà ïðèìåðå ôóíêöèè f : [0, 1]→ R,

f (x) =

{
1 ïðè x ðàöèîíàëüíîì,

−1 ïðè x èððàöèîíàëüíîì.
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Ëåììà (Èíòåãðàë íå çàìå÷àåò èçìåíåíèÿ ôóíêöèè â êîíå÷íîì
÷èñëå òî÷åê)

Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà [a; b], ôóíêöèÿ f ∗ îòëè÷àåòñÿ îò f ëèøü
çíà÷åíèÿìè â êîíå÷íîì ÷èñëå òî÷åê. Òîãäà f ∗ èíòåãðèðóåìà íà [a; b] è∫ b

a

f ∗(x) dx =

∫ b

a

f (x) dx .

Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü, ÷òî ôóíêöèÿ ϕ = f ∗ − f èíòåãðèðóåìà

íà [a; b] è

∫ b

a

ϕ(x) dx = 0. Ïóñòü ϕ îòëè÷íà îò íóëÿ â N òî÷êàõ è

max
[a;b]
|ϕ| = M. Òîãäà

|Sτ (ϕ)| 6 2MN|τ |,

è îñòàåòñÿ ïåðåéòè â ýòîì íåðàâåíñòâå ê ïðåäåëó ïðè |τ | → 0.
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Òåîðåìà

Ïóñòü íà îòðåçêå [a; b] ôóíêöèÿ f íåïðåðûâíà è f > 0, x0 ∈ [a; b], f (x0) > 0.
Òîãäà ∫ b

a

f (x) dx > 0.

Äîêàçàòåëüñòâî. Ïóñòü f (x0) = d > 0. Òîãäà íàéäåòñÿ îòðåçîê [a∗, b∗] ⊂ [a; b],

íà êîòîðîì f >
d

2
. Äëÿ íåãî èìååì

∫ b

a

f (x) dx =

∫ a∗

a

f (x) dx +

∫ b∗

a∗
f (x) dx +

∫ b

b∗
f (x) dx >

> 0 +

∫ b∗

a∗

d

2
dx + 0 =

d

2
(b∗ − a∗) > 0.
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2
. Äëÿ íåãî èìååì

∫ b

a

f (x) dx =

∫ a∗

a

f (x) dx +

∫ b∗

a∗
f (x) dx +

∫ b

b∗
f (x) dx >

> 0 +

∫ b∗

a∗

d

2
dx + 0 =

d

2
(b∗ − a∗) > 0.
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Òåîðåìà î ñðåäíåì äëÿ èíòåãðàëà

Ïóñòü ôóíêöèè f , g èíòåãðèðóåìû íà îòðåçêå [a; b],

m 6 f 6 M íà [a; b],

è ïóñòü ôóíêöèÿ g íå ìåíÿåò çíàêà íà îòðåçêå [a; b].
Òîãäà

∃µ ∈ [m,M] :

∫ b

a

f (x)g(x) dx = µ

∫ b

a

g(x) dx .

Ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè íåïðåðûâíîñòè ôóíêöèè f íà îòðåçêå
[a; b]

∃ c ∈ [a; b] :

∫ b

a

f (x)g(x) dx = f (c)

∫ b

a

g(x) dx .
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Äîêàçàòåëüñòâî. Ïóñòü, äëÿ îïðåäåëåííîñòè, g > 0 íà [a; b]. Òîãäà

mg(x) 6 f (x)g(x) 6 Mg(x), x ∈ [a; b].

Îòñþäà

m

∫ b

a

g(x) dx 6
∫ b

a

f (x)g(x) dx 6 M

∫ b

a

g(x) dx .

Ïóñòü ñíà÷àëà

∫ b

a

g(x) dx = 0. Òîãäà

∫ b

a

f (x)g(x) dx = 0, è â êà÷åñòâå µ

ìîæíî âçÿòü ïðîèçâîëüíîå ÷èñëî.

Ïóñòü òåïåðü

∫ b

a

g(x) dx > 0. Òîãäà

m 6

∫ b

a

f (x)g(x) dx∫ b

a

g(x) dx

6 M.

Âîçüìåì µ =

∫ b

a

f (x)g(x) dx∫ b

a

g(x) dx

.

Âòîðàÿ ÷àñòü òåîðåìû ñëåäóåò èç òåîðåìû î ïðîìåæóòî÷íîì çíà÷åíèè
íåïðåðûâíîé ôóíêöèè.
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