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CgoiicTBa UHTErpupyemMbIx pyHKLNT

MycTtb dyHkuns f uHTerpupyema Ha otpeske [a; b, n nyctb [a*; b*] C [a; b].
Torpa f nHterpupyema Ha [a*; b*].
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CgoiicTBa UHTErpupyemMbIx pyHKLNT

MycTtb dyHkuns f uHTerpupyema Ha otpeske [a; b, n nyctb [a*; b*] C [a; b].
Torpa f nHterpupyema Ha [a*; b*].

Dokasatensbcteo. Myctb 7% = {x’'} — npoussonbHOe pa3buenue oTpeska [a*, b*].

Dornonnum 7% go pasbuenns 7 = {x;} oTpeska [a; b] ¢ menkocTbto |7| = |7
Torpa
Y Wi A < > wilf)Ax;,
1<i<ips 1<i<iy

rpe wi(f) = w(f; X1, x7])-
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CgoiicTBa UHTErpupyemMbIx pyHKLNT

MycTtb dyHkuns f uHTerpupyema Ha otpeske [a; b, n nyctb [a*; b*] C [a; b].
Torpa f nHterpupyema Ha [a*; b*].

Dokasatensbcteo. Myctb 7% = {x’'} — npoussonbHOe pa3buenue oTpeska [a*, b*].

Dornonnum 7% go pasbuenns 7 = {x;} oTpeska [a; b] ¢ menkocTbto |7| = |7
Torpa
Y Wi A < > wilf)Ax;,
1<i<ips 1<i<iy

* _ . * *
rpe wi (f) = w(f; X1, x7]).
[ns npaBoii 4acTy HEPaBEHCTBA BbIMOJIHEHO CTPEMUTCS K HYIO, NPU CTPEMAEHUN
K Hynto menkoctu. CnefoBaTensHO, 1 feBasi 4aCTb CTPEMUTCS K HYJIHO.
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Jlemma (AABUTUBHOCTL MHTErpana OTHOCUTENILHO OTPE3KOB

NHTErpupoBaHMs)

Myctb a < ¢ < b, dyHkuns f uHTerpupyema Ha [a, c] n Ha [c, b]. Torga f
uHTerpupyema Ha [a; b|, npuyem

/ab F(x) dx = / F(x) dx+/cb £(x) dx.
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Jlemma (AABUTUBHOCTL MHTErpana OTHOCUTENILHO OTPE3KOB

NHTErpupoBaHMs)

Myctb a < ¢ < b, dyHkuns f uHTerpupyema Ha [a, c] n Ha [c, b]. Torga f
uHTerpupyema Ha [a; b|, npuyem

/ab F(x) dx = / F(x) dx+/cb £(x) dx.

[Hokasatenbcteo. PyHkums f Kak uHTerpupyemas Ha [a, c] u Ha [c, b]
orpaHuyena: |f(x)| < M npu x € [a; b].
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Jlemma (AABUTUBHOCTL MHTErpana OTHOCUTENILHO OTPE3KOB

NHTErpupoBaHMs)

Myctb a < ¢ < b, dyHkuns f uHTerpupyema Ha [a, c] n Ha [c, b]. Torga f
uHTerpupyema Ha [a; b|, npuyem

/ab F(x) dx = / F(x) dx—i—/cb £(x) dx.

[Hokasatenbcteo. PyHkums f Kak uHTerpupyemas Ha [a, c] u Ha [c, b]
orpaHuyena: |f(x)| < M npu x € [a; b].

Mycts 7 = {x;}§ — npousBonbHoe pasbueHune oTpeska [a; b], 7. — pasbuenue

[a; b], nony4eHHoe fononHeHnem pasbueHus T TOHKON ¢ (Mnm coBnagaroLlee C T,

ecm ¢ € 7). Myctb 7/, 7./ — cooTBeTcTBEHHO pasbuerns oTpeskos [a, c], [c, b],

NOPOXAeHHbIe pa3bueHnem 7.
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Jlemma (AABUTUBHOCTL MHTErpana OTHOCUTENILHO OTPE3KOB

NHTErpupoBaHMs)

Mycts a < ¢ < b, dyHkyus f unterpupyema Ha [a, c] n Ha [c, b]. Torpa f
uHTerpupyema Ha [a; b|, npuyem

/ab F(x) dx = / F(x) dx—i—/cb £(x) dx.

[Hokasatenbcteo. PyHkums f Kak uHTerpupyemas Ha [a, c] u Ha [c, b]
orpaHuyena: |f(x)| < M npu x € [a; b].

Mycts 7 = {x;}§ — npousBonbHoe pasbueHune oTpeska [a; b], 7. — pasbuenue

[a; b], nony4eHHOe pornosiHeHMeM pa3bueHnsi T TOHKOWA ¢ (nin coBnagatoLyee ¢ 7,
ecm ¢ € 7). Myctb 7/, 7./ — cooTBeTcTBEHHO pasbuerns oTpeskos [a, c], [c, b],
NOPOXAeHHbIe pa3bueHnem 7.

CpaBHum unTerpanbHele cymmbl Pumana S;(f), S;.(f), S;(f), cuntas
OTMeY€eHHbIE TOYKN B NEPBOIA M3 HUX NMPOU3BOJILHO BLIOPAHHBIMU, @ BO BTOPOIA 1 B
TpeTbell — BbIOPaHHBIMU COBMAAAOWMMI C OTMeYeHHbIMM Todkamu B S-(f) (3a

NCKIIOYEHNEM OTPE3KOB pa3bueHnsi C KOHLAMMN B TOYKE C).
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Torpa
S:(f) = Sn(f) = Srv(f) =0, ecm c € 7.
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Torpa
S:(f) = Sn(f) = Srv(f) =0, ecm c € 7.

Ecnu xe ¢ € 7, ¢ € (Xjy—1,Xiy), TO pK &y € [Xio—1, Xip ]+ & € [Xio—1, €]. & € [€, x;,]

SA(F) = Sei(f) = S (F) = £(&i)Axi, — £(&')(c — xi—1) — F(§")(x;, — ©).
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Torpa
S:(f) = Sn(f) = Srv(f) =0, ecm c € 7.

Ecnu xe ¢ € 7, ¢ € (Xjy—1,Xiy), TO pK &y € [Xio—1, Xip ]+ & € [Xio—1, €]. & € [€, x;,]
SA(F) = S (f) = S (f) = £(&)Axi, — F(E) (€ — xi—1) — F(§7) (x5, — <)
Otciopa nonyvaem, 4T0

|S-(F) = Sr(F) — S (F)| < 2MAX;, < 2M]7.
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Torpa
S:(f) = Sn(f) = Srv(f) =0, ecm c € 7.

Ecnu xe ¢ € 7, ¢ € (Xjy—1,Xiy), TO pK &y € [Xio—1, Xip ]+ & € [Xio—1, €]. & € [€, x;,]
SA(F) = S (f) = S (f) = £(&)Axi, — F(E) (€ — xi—1) — F(§7) (x5, — <)
Otciopa nonyvaem, 4T0

|S-(F) = Sr(F) — S (F)| < 2MAX;, < 2M]7.

VcTpemnsist |7| K HYtO 1 y4nTbiBasi, 4TO NpU 3TOM

STé(f)—>/cf(x)dx7 S.rcu(f)—>/bf(x)dx,

33KI04AEM, YTO YTO PYHKLMS MHTErpupyema Ha [a; b] n

/ab F(x) dx = / F(x) dx—l—/cb F(x) dx.
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3amevaHune

a a b
Monoxxum f(x)dx=0mn / f(x)dx = —/ f(x)dx npu a < b. Torpa
b a

/ab f(x)dx = /: f(x) dx-l-/cbf(x)dx.

CnpaBegAnBO Mpun JIOOOM pacnosIoKeHUN TOYeK a, b, ¢ ans dpyHkuymn f,
WHTErprpyeMoii Ha OTPe3Ke, COZEPXKALLEM 3TN TOHKM.

\|

PaBEHCTBO
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Jlemma (JlunelinocTe mHTerpana)

Ecnun dyHkunn f, g nHterpupyemsl Ha [a; b], A, u € R, To pyHkumsa Af + ug
TakXe MHTerpupyema Ha [a; b], npuyem

/ab()\f(x)+ﬂg(x))dx:)\/ab f(x) dX+/~L/abg(X)dX.
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Jlemma (JlunelinocTe mHTerpana)

Ecnun dyHkunn f, g nHterpupyemsl Ha [a; b], A, u € R, To pyHkumsa Af + ug
TakXe MHTerpupyema Ha [a; b], npuyem

/ab()\f(x)+ug(x))dX=)\/ab f(x) dX+/~L/abg(X)dX.

[lokazaTenbCcTBO NonyvaeTcs npefesnbHbIM nepexogom npu |7| — 0 ns
COOTBETCTBYIOLLErO PAaBEHCTBA AJIs MHTErpasibHbix cymMm Pumana.
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Ecnun dyHkunn f, g nHterpupyemsl Ha [a; b], To ux npousseaerue fg Takxke
MHTErpupyemo Ha [a; by.
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Ecnun dyHkunn f, g nHterpupyemsl Ha [a; b], To ux npousseaerue fg Takxke
MHTErpupyemo Ha [a; by.

[okasaTenbCcTBO. 3aMeTnM, 4TO
f(x0 + Ax)g(x + Ax) — f(x0)g(xo + Ax) + f(x0)g(x0 + Ax) — f(x0)g(x0) =
= Af(x0)g(x0 + Ax) + f(x0)Ag(x0).
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Ecnun dyHkunn f, g nHterpupyemsl Ha [a; b], To ux npousseaerue fg Takxke
MHTErpupyemo Ha [a; by.

[okasaTenbCcTBO. 3aMeTnM, 4TO
f(x0 + Ax)g(x + Ax) — f(x0)g(xo + Ax) + f(x0)g(x0 + Ax) — f(x0)g(x0) =
= Af(x0)g(x0 + Ax) + f(x0)Ag(x0).

Otctoga npu ycnosum orpaHndeHHocT dyHKunii £, g Ha oTpeske [a; b], umeem
w(fg:[c, d]) < Mw(f;[c, d]) + Mw(g:[c, d]),

ecnm [c,d] C [a; b, |f], |g] < M Ha [a; b].
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Ecnun dyHkunn f, g nHterpupyemsl Ha [a; b], To ux npousseaerue fg Takxke
MHTErpupyemo Ha [a; by.

[okasaTenbCcTBO. 3aMeTnM, 4TO
f(x0 + Ax)g(x + Ax) — f(x0)g(xo + Ax) + f(x0)g(x0 + Ax) — f(x0)g(x0) =
= Af(x0)g(x0 + Ax) + f(x0)Ag(x0).

Otctoga npu ycnosum orpaHndeHHocT dyHKunii £, g Ha oTpeske [a; b], umeem
w(fg:[c, d]) < Mw(f;[c, d]) + Mw(g:[c, d]),

ecnm [c,d] C [a; b, |f], |g] < M Ha [a; b].
CnepogaTentsHo,

Izrw,'(fg)AX,' < M iw;(f)Ax,- + M iw;(g)Ax,-.
i=1 i=1 i=1
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Ecnun dyHkunn f, g nHterpupyemsl Ha [a; b], To ux npousseaerue fg Takxke
MHTErpupyemo Ha [a; by.

[okasaTenbCcTBO. 3aMeTnM, 4TO
f(xo + Ax)g(xo + Ax) — f(x0)g(x0 + Ax) + f(x0)g(x0 + Ax) — f(x0)g(x0) =
= Af(x0)g(x0 + Ax) + f(x0)Ag(x0).
Otctoga npu ycnosum orpaHndeHHocT dyHKunii £, g Ha oTpeske [a; b], umeem
w(fg:[c, d]) < Mw(f;[c, d]) + Mw(g:[c, d]),

ecnm [c,d] C [a; b, |f], |g] < M Ha [a; b].
CnepogaTentsHo,

Izrw,'(fg)AX,' < M iw;(f)Ax,- + M iw;(g)Ax,-.
i=1 i=1 i=1

Vetpemnsist |7| K Hy/tO 1 NONb3YsiCb KPUTEPUEM UHTErPUPYEMOCTU (DyHKLAN,
NoJly4aeMm, 4TO Npom3BefeHune fg UHTerpupyemo Ha |[a; by.
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1
MycTtb dbyHkuns f uHTerpupyema Ha [a; b] u [in):] f > 0. Torga dyHkLus 7
a,

nHTerpupyema Ha [a; bJ.
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1
MycTtb dbyHkuns f uHTerpupyema Ha [a; b] u [in):] f > 0. Torga dyHkLus 7
a,

nHTerpupyema Ha [a; bJ.

[Joka3aTenbCcTBO, aHANOrMYHO NpeablayLLeil TeMMe, CBOGUTCS K OLEHKE

1
konebaHns w; <f) yepes konebatue w;(f).
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Myctb dyrkuum f, g nHTerpupyemsl Ha [a; b] u f < g Ha [a; b]. Torga

/a ) ok < / ’ () dx.
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Myctb dyrkuum f, g nHTerpupyemsl Ha [a; b] u f < g Ha [a; b]. Torga

/a ) ok < / ’ () dx.

[NokasaTtenscTso. [locTaTO4HO BOCMONBL30BATLCA NPEAEbHBIM NEPEXOAOM MpK
|7| — 0 B HepaBeHCTBe gnst MHTErpanbHbix Cymm Pumana:

‘ST(f;gla"'agiT)‘ < ST(g;fla“'agiT)-
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Ecnun dyHkuns f unterpupyema Ha [a; b, To dyHkuus |f| uHterpupyema Ha [a; b]

n

</ab|f(x)|dx.

/ab f(x) dx
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Ecnun dyHkuns f unterpupyema Ha [a; b, To dyHkuus |f| uHterpupyema Ha [a; b]

n

</ab|f(x)|dx.

/ab f(x) dx

[JokasatenbctBo. VHTerpupyemocts |f| cneayer n3 ouerku

[FEN = IFEN < () = F(EM)],

otkyaa wi(|f]) < wi(f) m

’i w;(|f|)AX,' < ’i w,-(f)Ax,-.
i=1 i=1
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Ecnun dyHkuns f unterpupyema Ha [a; b, To dyHkuus |f| uHterpupyema Ha [a; b]

n

</ab|f(x)|dx.

/ab f(x) dx

[JokasatenbctBo. VHTerpupyemocts |f| cneayer n3 ouerku
FEN = 1F(E < IF(E) — £,

otkyaa wi(|f]) < wi(f) m

’i w;(|f|)AX,' < ’i w,-(f)Ax,-.
i=1 i=1

/ab F(x) dx| < /ab|f(x)|dx.

Moy4aeTCsl NpefesSibHbIM NEepeXofoOM U3 COOTBETCTBYHOLLEA OLEHKMN ANs
nHTerpanbHbix cymm Pumana:

So(fibryee ) < SAFli€n s 6
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3ameyaHue

WHrerpupyemocts |f| Ha [a; b] He BnedeT 3a coboii nHTerpupyemocts f Ha [a; b],
4TO MOXHO YBUAETb Ha npumepe dyHkumn f: [0,1] — R,

1 npu X pauMOHANbLHOM,
F(x) = p pay

—1 npu x MppaLMOHANLHOM.
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Jlemma (WHTerpan He 3ameyaet nameHeHnsi PyHKUUN B KOHEYHOM

4ucsie TOYeK)

MycTtb dyHkums f uxterpupyema Ha [a; b], dyHkums f* otnnyaercs ot f auwb
3HAYEHMAMUN B KOHEHHOM 4mMCnie Todek. Torga f* nnterpupyema Ha [a; b] n

/ab *(x)dx = /ab f(x) dx.
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Jlemma (WHTerpan He 3ameyaet nameHeHnsi PyHKUUN B KOHEYHOM

4ucsie TOYeK)

MycTtb dyHkums f uxterpupyema Ha [a; b], dyHkums f* otnnyaercs ot f auwb
3HAYEHMAMUN B KOHEHHOM 4mMCnie Todek. Torga f* nnterpupyema Ha [a; b] n

/ab *(x)dx = /ab f(x) dx.

[JokazsaTenbcTo. JJocTaTo4HO f0Ka3aThb, 4TO pyHKUMs ¢ = f* — f uHTerpupyema

b
Ha [a; b] n / ©(x) dx = 0. NycTb ¢ otnuyna ot Hyns B N Toukax un
a

max =M.
nas |l
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Jlemma (WHTerpan He 3ameyaet nameHeHnsi PyHKUUN B KOHEYHOM

4ucsie TOYeK)

MycTtb dyHkums f uxterpupyema Ha [a; b], dyHkums f* otnnyaercs ot f auwb
3HAYEHMAMUN B KOHEHHOM 4mMCnie Todek. Torga f* nnterpupyema Ha [a; b] n

/ab *(x)dx = /ab f(x) dx.

[JokazsaTenbcTo. JJocTaTo4HO f0Ka3aThb, 4TO pyHKUMs ¢ = f* — f uHTerpupyema
b

Ha [a; b] n ©(x) dx = 0. NycTb ¢ otnuyna ot Hyns B N Toukax un

r[n_abi(|<p| — M. Torga
|5-(¢)] < 2MN|7],

11 OCTaeTCsl NepeiiTit B 3TOM HepaBeHCTBe K npegeny npu |7| — 0.
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Teopema

MycTb Ha oTpeske [a; b] dbyHkums f HenpepbiHa u f > 0, xo € [a; b], f(x0) > 0.
Torpa

/abf(x)dx>0.
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Teopema

MycTb Ha oTpeske [a; b] dbyHkums f HenpepbiHa u f > 0, xo € [a; b], f(x0) > 0.
Torpa

/abf(x)dx>0.

[Hokasatensctso. Myctb f(x9) = d > 0. Torpa HaiigeTcs otpesok [a*, b*] C [a; b],

Ha koTopom f > 5 Ons Hero nmeem

/abf(x)dX:/:* f(X)dx+/ab* f(x)dx+/bf(x)dx>

* *

b

d d

>0+/ —dx+0=-(b*—2a")>0.
. 2 2

TrushinBV.ru CeoiicTBa MHTerpupyemsix dhyHKumi 26 mapTa 2014 r. 13 / 15



Teopema 0 cpegHeM ana nHTerpana

MycTtb dyHkunm f, g nHTErpupyemsl Ha oTpeske [a; b,
m<fF<M wa [ab],

1 nycTb (OYHKLUS g He MEHsIeT 3HaKa Ha oTpeske [a; b).
Torpa

b b
Jp € [m,M]: / f(x)g(x)dx = ,u/ g(x) dx.
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Teopema 0 cpegHeM ana nHTerpana

MycTtb dyHkunm f, g nHTErpupyemsl Ha oTpeske [a; b,
m<fF<M wa [ab],

1 nycTb (OYHKLUS g He MEHsIeT 3HaKa Ha oTpeske [a; b).
Torpa

b b
Jp € [m,M]: / f(x)g(x)dx = ,u/ g(x) dx.

Mpn fgononHMTENEHOM NPenoNOXKEHNN HeNPePLIBHOCTN byHKLMK f HA OTpe3ke

[a; b]

dcelab]: / f(x)g(x) dx = f(c)/ g(x) dx.
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[Hokazsatensctgo. lMyctb, ansa onpepenentoctn, g > 0 Ha [a; b]. Torpa
mg(x) < f(x)g(x) < Mg(x), x € [a; b].

OTciopa

m/abg(x) dx < /ab f(x)g(x)dx < l\/l/abg(x) dx.
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[Hokazsatensctgo. lMyctb, ansa onpepenentoctn, g > 0 Ha [a; b]. Torpa
mg(x) < f(x)g(x) < Mg(x), x € [a; b].

OTciopa

m/abg(x) dx < /ab f(x)g(x)dx < l\/l/abg(x) dx.

b
Myctb cHavana / g(x)dx = 0. Torpa / f(x)g(x)dx =0, n B kavecTBe

MO>XHO B3ATb npc?m3Boanoe 4uMcno. a
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[Hokazsatensctgo. lMyctb, ansa onpepenentoctn, g > 0 Ha [a; b]. Torpa
mg(x) < f(x)g(x) < Mg(x), x € [a; b].
OTciopa
b b b
m/ g(x)dx g/ f(x)g(x)dx < /\/I/ g(x) dx.
b

b
Myctb cHavana / g(x)dx = 0. Torpa / f(x)g(x)dx =0, n B kavecTBe

MO>XHO B3ATb an?VI3BOJ1bHO€ 4uMcno. a

b
Myctb Teneps / g(x)dx > 0. Torga

/ab f(x)g(x) dx

/ab g(x) dx

m < <M.

/a ’ F(x)g(x) dx

/abg(x) dx |

Bropas yacTtb TeopeMbl CAeayeT M3 TEOPEMbI O NPOMEXKYTOYHOM 3HAYEHUN
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Bozbmem p =



