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Êðèâûå â òðåõìåðíîì ïðîñòðàíñòâå
Êðèâèçíà

Ëåììà

Ïóñòü âåêòîð-ôóíêöèÿ ~r ïîñòîÿííà ïî ìîäóëþ:

|~r(t)| = C ïðè t ∈ U(t0),

è ïóñòü ñóùåñòâóåò ~r ′(t0). Òîãäà ~r ′(t0) ⊥ ~r(t0).

Äîêàçàòåëüñòâî. Äèôôåðåíöèðóÿ ñêàëÿðíîå ïðîèçâåäåíèå
(~r(t),~r(t)) = |~r(t)|2 = C 2, ïîëó÷àåì, ÷òî

(~r ′(t0),~r(t0)) + (~r(t0),~r ′(t0)) = 2(~r ′(t0),~r(t0)) = 0.
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Îïðåäåëåíèå

Ïóñòü Γ � ñïðÿìëÿåìàÿ êðèâàÿ,

Γ = {~r(s) : 0 6 s 6 S},

ãäå s � ïåðåìåííàÿ äëèíà åå äóãè, è ïóñòü s0 ∈ [0,S ]. Ïóñòü òàêæå

ñóùåñòâóþò ~t =
d~r

ds
íà U(s0) ∩ [0,S ] è

d~t

ds
=

d2~r

ds2
â òî÷êå s0.

Òîãäà k = k(s0) =

∣∣∣∣d~tds (s0)

∣∣∣∣ íàçûâàåòñÿ êðèâèçíîé êðèâîé Γ â òî÷êå (s0,~r(s0)).

Åñëè s0 = 0 èëè s0 = S , òî ïðîèçâîäíûå ïîíèìàþòñÿ êàê îäíîñòîðîííèå.
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Ãåîìåòðè÷åñêèé ñìûñë êðèâèçíû k(s0) ñîñòîèò â òîì, ÷òî k(s0) ÿâëÿåòñÿ
ìãíîâåííîé óãëîâîé ñêîðîñòüþ ïîâîðîòà êàñàòåëüíîé (åñëè ïàðàìåòð s
ñ÷èòàòü âðåìåíåì).

Â ñàìîì äåëå, ïîñêîëüêó ~t � åäèíè÷íûé âåêòîð, òî
|∆~t| = |~t(s0 + ∆s)−~t(s0)| õàðàêòåðèçóåò âåëè÷èíó åãî ïîâîðîòà ïðè
èçìåíåíèè ïàðàìåòðà íà ∆s. Åñëè âåëè÷èíó óãëà ìåæäó âåêòîðàìè
~t(s0 + ∆s) è ~t(s0), âûðàæåííóþ â ðàäèàíàõ, îáîçíà÷èòü ÷åðåç ϕ = ϕ(∆s), òî

|∆~t| = 2 sin
ϕ

2
∼ ϕ ïðè ∆s → 0 + 0.

Òîãäà

k = lim
∆s→0

∣∣∣∣∆~t∆s

∣∣∣∣ = lim
∆s→0+0

2 sin ϕ
2

∆s
= lim

∆s→0+0

ϕ(∆s)

∆s
.
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Îïðåäåëåíèå

Âåëè÷èíà R =
1

k
6 +∞, îáðàòíàÿ êðèâèçíå, íàçûâàåòñÿ ðàäèóñîì êðèâèçíû.

Óïðàæíåíèå

Ïðîâåðèòü, ÷òî â êàæäîé òî÷êå îêðóæíîñòè åå ðàäèóñ êðèâèçíû ñîâïàäàåò ñ
ðàäèóñîì ýòîé îêðóæíîñòè.
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Òåîðåìà

Ïóñòü Γ = {~r(t): a 6 t 6 b} � ãëàäêàÿ äâàæäû äèôôåðåíöèðóåìàÿ êðèâàÿ.
Òîãäà â êàæäîé åå òî÷êå ñóùåñòâóåò êðèâèçíà.

Äîêàçàòåëüñòâî.

~t =
d~r

ds
= ~r ′

dt

ds
=
~r ′

s ′
,

d2~r

ds2
=

d~t

ds
=

d

dt

(
~r ′

s ′

)
dt

ds
=

s ′~r ′′ − s ′′~r ′

s ′3
.

Ñëåäîâàòåëüíî, ∃ k =

∣∣∣∣d2~r

ds2

∣∣∣∣ =
|s ′~r ′′ − s ′′~r ′|

s ′3
.
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Âûâåäåì äðóãîå âûðàæåíèå äëÿ êðèâèçíû k .

Ïîñêîëüêó â ñèëó ëåììû
d~t

ds
⊥ ~t, òî èìååì

k =

∣∣∣∣d~tds
∣∣∣∣ =

∣∣∣∣[d~tds ,~t
]∣∣∣∣ =

∣∣∣∣[d2~r

ds2
,
d~r

ds

]∣∣∣∣ =

=

∣∣∣∣[ s ′~r ′′ − s ′′~r ′

s ′3
,
~r ′

s ′

]∣∣∣∣ =
|[~r ′′,~r ′]|

s ′3
,

òî åñòü

k =
|[~r ′,~r ′′]|
|~r ′|3

=

∣∣∣∣∣∣det
∥∥∥∥∥∥
~ı ~ ~k
x ′ y ′ z ′

x ′′ y ′′ z ′′

∥∥∥∥∥∥
∣∣∣∣∣∣(√

x ′2 + y ′2 + z ′2
)3 .
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Åñëè k =

∣∣∣∣d2~r

ds2

∣∣∣∣ 6= 0, òî ìîæíî íàïèñàòü ôîðìóëó Ôðåíå:

d~t

ds
= k~n, ãäå |~n| = 1, (~t,~n) = 0.

Âåêòîð ~n íàçûâàåòñÿ åäèíè÷íûì âåêòîðîì ãëàâíîé íîðìàëè.

Îïðåäåëåíèå

Íîðìàëüþ ê êðèâîé â äàííîé òî÷êå íàçûâàåòñÿ âñÿêàÿ ïðÿìàÿ, ïðîõîäÿùàÿ
÷åðåç ýòó òî÷êó è ïåðïåíäèêóëÿðíàÿ êàñàòåëüíîé â ýòîé òî÷êå.
Íîðìàëü ê êðèâîé, ïàðàëëåëüíàÿ ~n, íàçûâàåòñÿ ãëàâíîé íîðìàëüþ.
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Ïóñòü Γ = {~r(s): 0 6 s 6 S}, è ïóñòü â òî÷êå (s0,~r(s0)) ñóùåñòâóåò

k =

∣∣∣∣d2~r

ds2

∣∣∣∣ 6= 0. Òîãäà â ñèëó ôîðìóëû Òåéëîðà

∆~r = ~r(s0 + ∆s)−~r(s0) =

=
d~r(s0)

ds
∆s +

1

2

d2~r(s0)

ds2
(∆s)2 + ~o((∆s)2)

ïðè ∆s → 0.

Òî åñòü

∆~r = (∆s)~t +
1

2
k(∆s)2~n + ~o((∆s)2), ∆s → 0.

Ýòî ðàâåíñòâî ïîêàçûâàåò, ÷òî â îêðåñòíîñòè äàííîé òî÷êè êðèâàÿ
îòêëîíÿåòñÿ îò ñâîåé êàñàòåëüíîé â ñòîðîíó âåêòîðà ~n ñ òî÷íîñòüþ äî
~o((∆s)2).

TrushinBV.ru Êðèâèçíà 20 íîÿáðÿ 2013 ã. 9 / 20



Ïóñòü Γ = {~r(s): 0 6 s 6 S}, è ïóñòü â òî÷êå (s0,~r(s0)) ñóùåñòâóåò

k =

∣∣∣∣d2~r

ds2

∣∣∣∣ 6= 0. Òîãäà â ñèëó ôîðìóëû Òåéëîðà

∆~r = ~r(s0 + ∆s)−~r(s0) =

=
d~r(s0)

ds
∆s +

1

2

d2~r(s0)

ds2
(∆s)2 + ~o((∆s)2)

ïðè ∆s → 0.
Òî åñòü

∆~r = (∆s)~t +
1

2
k(∆s)2~n + ~o((∆s)2), ∆s → 0.

Ýòî ðàâåíñòâî ïîêàçûâàåò, ÷òî â îêðåñòíîñòè äàííîé òî÷êè êðèâàÿ
îòêëîíÿåòñÿ îò ñâîåé êàñàòåëüíîé â ñòîðîíó âåêòîðà ~n ñ òî÷íîñòüþ äî
~o((∆s)2).

TrushinBV.ru Êðèâèçíà 20 íîÿáðÿ 2013 ã. 9 / 20



Ïóñòü Γ = {~r(s): 0 6 s 6 S}, è ïóñòü â òî÷êå (s0,~r(s0)) ñóùåñòâóåò

k =

∣∣∣∣d2~r

ds2

∣∣∣∣ 6= 0. Òîãäà â ñèëó ôîðìóëû Òåéëîðà

∆~r = ~r(s0 + ∆s)−~r(s0) =

=
d~r(s0)

ds
∆s +

1

2

d2~r(s0)

ds2
(∆s)2 + ~o((∆s)2)

ïðè ∆s → 0.
Òî åñòü

∆~r = (∆s)~t +
1

2
k(∆s)2~n + ~o((∆s)2), ∆s → 0.

Ýòî ðàâåíñòâî ïîêàçûâàåò, ÷òî â îêðåñòíîñòè äàííîé òî÷êè êðèâàÿ
îòêëîíÿåòñÿ îò ñâîåé êàñàòåëüíîé â ñòîðîíó âåêòîðà ~n ñ òî÷íîñòüþ äî
~o((∆s)2).

TrushinBV.ru Êðèâèçíà 20 íîÿáðÿ 2013 ã. 9 / 20



Îïðåäåëåíèå

Ïëîñêîñòü, ïðîõîäÿùàÿ ÷åðåç êàñàòåëüíóþ è ãëàâíóþ íîðìàëü â äàííîé
òî÷êå êðèâîé, íàçûâàåòñÿ ñîïðèêàñàþùåéñÿ ïëîñêîñòüþ.

Ïîñëåäíþþ ôîðìóëó äëÿ ∆~r ìîæíî èíòåðïðåòèðîâàòü òàê: â îêðåñòíîñòè
äàííîé òî÷êè êðèâàÿ ëåæèò â ñîïðèêàñàþùåéñÿ ïëîñêîñòè ñ òî÷íîñòüþ äî
~o((∆s)2).
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Âûâåäåì óðàâíåíèå ñîïðèêàñàþùåéñÿ ïëîñêîñòè â òàêîé òî÷êå ãëàäêîé
êðèâîé Γ = {~r(t): a 6 t 6 b}, â êîòîðîé êðèâèçíà k 6= 0.

Ýòà ïëîñêîñòü

ïðîõîäèò ÷åðåç òî÷êó ~r(t0) è êîëëèíåàðíà âåêòîðàì ~t =
~r ′

s ′
è

d~t

ds
=

s ′~r ′′ − s ′′~r ′

s ′3
, à çíà÷èò, è âåêòîðó ~r ′′ (s ′ = |~r ′| 6= 0). Ïîýòîìó óðàâíåíèå

ñîïðèêàñàþùåéñÿ ïëîñêîñòè èìååò âèä

(~r −~r0,~r ′(t0),~r ′′(t0)) = 0 ⇔

⇔

∣∣∣∣∣∣
x − x0 y − y0 z − z0

x ′(t0) y ′(t0) z ′(t0)
x ′′(t0) y ′′(t0) z ′′(t0)

∣∣∣∣∣∣ = 0,

ãäå ~r0 = ~r(t0) = (x0, y0, z0) = (x(t0), y(t0), z(t0)).

Åñëè â äàííîé òî÷êå êðèâîé k = 0, òî âñÿêàÿ ïëîñêîñòü, ñîäåðæàùàÿ
êàñàòåëüíóþ â ýòîé òî÷êå, íàçûâàåòñÿ ñîïðèêàñàþùåéñÿ ïëîñêîñòüþ.
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Îïðåäåëåíèå

Òî÷êà ïðîñòðàíñòâà, ëåæàùàÿ íà ãëàâíîé íîðìàëè ê êðèâîé â äàííîé åå

òî÷êå è íàõîäÿùàÿñÿ íà ðàññòîÿíèè R =
1

k
îò ýòîé òî÷êè â íàïðàâëåíèè

âåêòîðà ~n ãëàâíîé íîðìàëè, íàçûâàåòñÿ öåíòðîì êðèâèçíû êðèâîé â äàííîé
òî÷êå êðèâîé.

Öåíòð êðèâèçíû ëåæèò â ñîïðèêàñàþùåéñÿ ïëîñêîñòè.
Åñëè ~r � ðàäèóñ-âåêòîð òî÷êè êðèâîé, òî ðàäèóñ-âåêòîð öåíòðà êðèâèçíû â

ýòîé òî÷êå ~ρ = ~r + R~n = ~r +
1

k2

d2~r

ds2
. Îòñþäà èìååì

~ρ = ~r +
1

k2

s ′~r ′′ − s ′′~r ′

s ′3
,

ãäå s ′ = |~r ′| =
√
x ′2 + y ′2 + z ′2, s ′′ =

x ′x ′′ + y ′y ′′ + z ′z ′′√
x ′2 + y ′2 + z ′2

.
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Îïðåäåëåíèå
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Îïðåäåëåíèå

Êðèâàÿ ~ρ = ~ρ(t), îïèñûâàþùàÿ ìíîæåñòâî öåíòðîâ êðèâèçíû äàííîé
êðèâîé Γ, íàçûâàåòñÿ åå ýâîëþòîé.
Ñàìà êðèâàÿ Γ ïî îòíîøåíèþ ê ñâîåé ýâîëþòå íàçûâàåòñÿ ýâîëüâåíòîé.
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Êðèâàÿ Γ âèäà Γ = {(x(t), y(t), 0): a 6 t 6 b} íàçûâàåòñÿ ïëîñêîé êðèâîé. Åå
óðàâíåíèå çàïèñûâàþò â âèäå

Γ = {(x(t), y(t)) : a 6 t 6 b}.

Áóäåì ñ÷èòàòü ïëîñêóþ êðèâóþ Γ ãëàäêîé. Ðàäèóñ-âåêòîð ~r êðèâîé Γ ëåæèò â
ïëîñêîñòè êðèâîé, êàê è âåêòîðû ~r ′, ~r ′′, ~n.
Ïóñòü α � óãîë ìåæäó åäèíè÷íûì âåêòîðîì êàñàòåëüíîé ê êðèâîé è îñüþ Ox .
Òîãäà

~t =~ı cosα + ~ sinα,
d~t

ds
= (−~ı sinα + ~ cosα)

dα

ds
,

k =

∣∣∣∣d~tds
∣∣∣∣ = | −~ı sinα + ~ cosα|

∣∣∣∣dαds
∣∣∣∣ =

∣∣∣∣dαds
∣∣∣∣ ,

k =
1

R
=
|x ′y ′′ − x ′′y ′|
(x ′2 + y ′2)3/2

.
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Ðàäèóñ-âåêòîð öåíòðà êðèâèçíû ïðè k > 0

~ρ = (ξ, η), ãäå


ξ = x + R2 d

2x

ds2
,

η = y + R2 d
2y

ds2
,

ξ = x − y ′ x ′2 + y ′2

x ′y ′′ − x ′′y ′ , η = y + x ′
x ′2 + y ′2

x ′y ′′ − x ′′y ′ .
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Â ñëó÷àå, êîãäà êðèâàÿ Γ ÿâëÿåòñÿ ãðàôèêîì íåïðåðûâíî äèôôåðåíöèðóåìîé
ôóíêöèè y = f (x), èìååì

ds2 = dx2 + dy2 = dx2 + f ′2(x) dx2, ds =
√

1 + f ′2 dx ,

k =
|y ′′|

(1 + y ′2)3/2
,

óðàâíåíèÿ ýâîëþòû ïðè k > 0:
ξ = x − 1 + y ′2

y ′′ y ′,

η = y +
1 + y ′2

y ′′ .
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Îïðåäåëåíèå

Ïóñòü Γ = {~r(t): a 6 t 6 b} � ãëàäêàÿ äâàæäû íåïðåðûâíî

äèôôåðåíöèðóåìàÿ êðèâàÿ, è ïóñòü
d2~r

ds2
=

d~t

ds
= k~n 6= ~0. Òîãäà âåêòîð

~β = [~t,~n] íàçûâàåòñÿ åäèíè÷íûì âåêòîðîì áèíîðìàëè êðèâîé Γ.

Ïðÿìàÿ ñ íàïðàâëÿþùèì âåêòîðîì ~β = ~β(t0), ïðîõîäÿùàÿ ÷åðåç òî÷êó ~r(t0),
íàçûâàåòñÿ áèíîðìàëüþ êðèâîé Γ â òî÷êå (t0,~r(t0)).
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Îïðåäåëåíèå

Ñîïðîâîæäàþùèì òðåõãðàííèêîì Ôðåíå êðèâîé Γ â òî÷êå (t0,~r(t0))

íàçûâàåòñÿ òðåõãðàííèê, îáðàçîâàííûé âåêòîðàìè ~t(t0), ~n(t0), ~β(t0),
îòëîæåííûìè îò òî÷êè ~r(t0).

Ñîïðîâîæäàþùèé òðåõãðàííèê çàäàåò ñëåäóþùèå òðè âçàèìíî
ïåðïåíäèêóëÿðíûå ïëîñêîñòè, ïðîõîäÿùèå ÷åðåç òî÷êó ~r(t0):

1 ñîïðèêàñàþùóþñÿ ïëîñêîñòü, îðòîãîíàëüíóþ âåêòîðó ~β áèíîðìàëè,

2 íîðìàëüíóþ ïëîñêîñòü, îðòîãîíàëüíóþ âåêòîðó ~t êàñàòåëüíîé,

3 ñïðÿìëÿþùóþ ïëîñêîñòü, îðòîãîíàëüíóþ âåêòîðó ~n ãëàâíîé íîðìàëè.
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Åñëè Γ � ãëàäêàÿ òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ êðèâàÿ, òî
ñïðàâåäëèâû ôîðìóëû Ôðåíå:

d~t

ds
= k~n,

∂~n

∂s
= −k~t + κ~β,

d ~β

ds
= −κ~n.

Ïåðâàÿ èç ôîðìóë Ôðåíå äîêàçàíà ðàíåå.
Äëÿ âûâîäà òðåòüåé ôîðìóëû Ôðåíå, äèôôåðåíöèðóÿ âåêòîðíîå
ïðîèçâåäåíèå ~β = [~t,~n], ïîëó÷àåì

d ~β

ds
=

[
d~t

ds
,~n

]
+

[
~t,

d~n

ds

]
= [k~n,~n] +

[
t,
d~n

ds

]
=

[
~t,

d~n

ds

]
.
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Îòñþäà ñëåäóåò, ÷òî âåêòîð
d ~β

ds
îðòîãîíàëåí âåêòîðó ~t è âåêòîðó ~β, òàê ÷òî

d ~β

ds
= −κ~n ïðè íåêîòîðîì κ ∈ R. Ïðè ýòîì êîýôôèöèåíò κ íàçûâàåòñÿ

êðó÷åíèåì êðèâîé Γ â òî÷êå (t0,~r(t0)). Ãåîìåòðè÷åñêèé ñìûñë |κ| ñîñòîèò â
òîì, ÷òî |κ| ÿâëÿåòñÿ ìãíîâåííîé óãëîâîé ñêîðîñòüþ ïîâîðîòà áèíîðìàëè
(èëè, ÷òî òî æå, ïîâîðîòà ñîïðèêàñàþùåéñÿ ïëîñêîñòè), åñëè ïàðàìåòð s
ñ÷èòàòü âðåìåíåì. Ýòî âûÿñíÿåòñÿ òàê æå, êàê ãåîìåòðè÷åñêèé ñìûñë
êðèâèçíû êðèâîé.

Âòîðàÿ ôîðìóëà Ôðåíå ëåãêî âûâîäèòñÿ ñ ïîìîùüþ ïåðâîé è òðåòüåé
ôîðìóë Ôðåíå.
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