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Âåêòîðíîçíà÷íûå ôóíêöèè

Îïðåäåëåíèå

Ïóñòü êàæäîé òî÷êå t ∈ T ⊂ R ïîñòàâëåí â ñîîòâåòñòâèå âåêòîð ~r = ~r(t)
òðåõìåðíîãî ïðîñòðàíñòâà. Òîãäà áóäåì ãîâîðèòü, ÷òî íà T çàäàíà

âåêòîð-ôóíêöèÿ ~r .

Ïóñòü â òðåõìåðíîì ïðîñòðàíñòâå çàôèêñèðîâàíà ïðÿìîóãîëüíàÿ äåêàðòîâà
ñèñòåìà êîîðäèíàò. Òîãäà ~r(t) = (x(t), y(t), z(t)), ãäå x(t), y(t), z(t) �
êîîðäèíàòû (êîìïîíåíòû) âåêòîðà ~r(t). Òàêèì îáðàçîì, çàäàíèå íà T
âåêòîð-ôóíêöèè ðàâíîñèëüíî çàäàíèþ íà T òðåõ ÷èñëîâûõ ôóíêöèé.
Ñèìâîëîì |~r | îáîçíà÷àþò äëèíó âåêòîðà ~r .

TrushinBV.ru Âåêòîðíîçíà÷íûå ôóíêöèè 13 íîÿáðÿ 2013 ã. 2 / 16



Âåêòîðíîçíà÷íûå ôóíêöèè

Îïðåäåëåíèå

Ïóñòü êàæäîé òî÷êå t ∈ T ⊂ R ïîñòàâëåí â ñîîòâåòñòâèå âåêòîð ~r = ~r(t)
òðåõìåðíîãî ïðîñòðàíñòâà. Òîãäà áóäåì ãîâîðèòü, ÷òî íà T çàäàíà

âåêòîð-ôóíêöèÿ ~r .

Ïóñòü â òðåõìåðíîì ïðîñòðàíñòâå çàôèêñèðîâàíà ïðÿìîóãîëüíàÿ äåêàðòîâà
ñèñòåìà êîîðäèíàò. Òîãäà ~r(t) = (x(t), y(t), z(t)), ãäå x(t), y(t), z(t) �
êîîðäèíàòû (êîìïîíåíòû) âåêòîðà ~r(t). Òàêèì îáðàçîì, çàäàíèå íà T
âåêòîð-ôóíêöèè ðàâíîñèëüíî çàäàíèþ íà T òðåõ ÷èñëîâûõ ôóíêöèé.

Ñèìâîëîì |~r | îáîçíà÷àþò äëèíó âåêòîðà ~r .

TrushinBV.ru Âåêòîðíîçíà÷íûå ôóíêöèè 13 íîÿáðÿ 2013 ã. 2 / 16



Âåêòîðíîçíà÷íûå ôóíêöèè

Îïðåäåëåíèå

Ïóñòü êàæäîé òî÷êå t ∈ T ⊂ R ïîñòàâëåí â ñîîòâåòñòâèå âåêòîð ~r = ~r(t)
òðåõìåðíîãî ïðîñòðàíñòâà. Òîãäà áóäåì ãîâîðèòü, ÷òî íà T çàäàíà

âåêòîð-ôóíêöèÿ ~r .

Ïóñòü â òðåõìåðíîì ïðîñòðàíñòâå çàôèêñèðîâàíà ïðÿìîóãîëüíàÿ äåêàðòîâà
ñèñòåìà êîîðäèíàò. Òîãäà ~r(t) = (x(t), y(t), z(t)), ãäå x(t), y(t), z(t) �
êîîðäèíàòû (êîìïîíåíòû) âåêòîðà ~r(t). Òàêèì îáðàçîì, çàäàíèå íà T
âåêòîð-ôóíêöèè ðàâíîñèëüíî çàäàíèþ íà T òðåõ ÷èñëîâûõ ôóíêöèé.
Ñèìâîëîì |~r | îáîçíà÷àþò äëèíó âåêòîðà ~r .

TrushinBV.ru Âåêòîðíîçíà÷íûå ôóíêöèè 13 íîÿáðÿ 2013 ã. 2 / 16



Îïðåäåëåíèå

Ïóñòü âåêòîð-ôóíêöèÿ ~r = ~r(t) îïðåäåëåíà íà íåêîòîðîé îêðåñòíîñòè Ů(t0).
Âåêòîð ~r0 íàçûâàåòñÿ ïðåäåëîì âåêòîð-ôóíêöèè ~r = ~r(t) ïðè t → t0 (ïèøóò
~r0 = lim

t→t0

~r(t)), åñëè lim
t→t0

|~r(t)−~r0| = 0.

Îïðåäåëåíèå ïðåäåëà âåêòîð-ôóíêöèè ñâåäåíî ê èçâåñòíîìó îïðåäåëåíèþ
ïðåäåëà ÷èñëîâîé ôóíêöèè f (t) = |~r(t)−~r0|. Íàïèñàâ ïîñëåäíåå â
(ε-δ)-òåðìèíàõ, ïðèõîäèì ê èíîé ôîðìå îïðåäåëåíèÿ ïðåäåëà
âåêòîð-ôóíêöèè.

Îïðåäåëåíèå

Ïóñòü âåêòîð-ôóíêöèÿ ~r = ~r(t) îïðåäåëåíà íà Ů(t0). Âåêòîð ~r0 íàçûâàåòñÿ
ïðåäåëîì ~r = ~r(t) ïðè t → t0, åñëè

∀ ε > 0 ∃ δ = δ(ε) > 0 : |~r(t)−~r0| < ε ∀ t : 0 < |t − t0| < δ.
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Åñëè ~r(t) = (x(t), y(t), z(t)) è ~r0 = (x0, y0, z0), òî

|~r(t)−~r0| =
√

(x(t)− x0)2 + (y(t)− y0)2 + (z(t)− z0)2.

Èç ýòîãî ðàâåíñòâà âèäíî, ÷òî ñóùåñòâîâàíèå ïðåäåëà lim
t→t0

~r(t) = ~r0

ðàâíîñèëüíî ñóùåñòâîâàíèþ òðåõ ïðåäåëîâ ÷èñëîâûõ ôóíêöèé

lim
t→t0

x(t) = x0, lim
t→t0

y(t) = y0, lim
t→t0

z(t) = z0.
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Òåîðåìà

Ïóñòü ñóùåñòâóþò ïðåäåëû

lim
t→t0

~r1(t), lim
t→t0

~r2(t), lim
t→t0

f (t),

ãäå f � ÷èñëîâàÿ ôóíêöèÿ. Òîãäà ñóùåñòâóþò ïðåäåëû

1 lim
t→t0

(~r1(t)±~r2(t)) = lim
t→t0

~r1(t)± lim
t→t0

~r2(t);

2 lim
t→t0

f (t)~r1(t) = lim
t→t0

f (t) lim
t→t0

~r1(t);

3 lim
t→t0

(~r1(t),~r2(t)) =

(
lim
t→t0

~r1(t), lim
t→t0

~r2(t)

)
;

4 lim
t→t0

[~r1(t),~r2(t)] =

[
lim
t→t0

~r1(t), lim
t→t0

~r2(t)

]
.

Äîêàçàòåëüñòâî ýòèõ ñâîéñòâ ìîæíî âûâåñòè èç ñâîéñòâ ÷èñëîâûõ ôóíêöèé,
ïåðåéäÿ ê ñîîòâåòñòâóþùèì ðàâåíñòâàì äëÿ êîîðäèíàò âåêòîðîâ.
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Îïðåäåëåíèå

Ïóñòü âåêòîð-ôóíêöèÿ ~r îïðåäåëåíà íà Ů(t0 + 0). Âåêòîð ~r0 íàçûâàþò åå
ïðåäåëîì ñïðàâà â òî÷êå t0 è ïèøóò

~r0 = lim
t→t0+0

~r(t) = ~r(t0 + 0),

åñëè lim
t→t0+0

|~r(t)−~r0| = 0.

Àíàëîãè÷íî îïðåäåëÿåòñÿ ïðåäåë ñëåâà lim
t→t0−0

~r(t) = ~r(t0 − 0).

Ïðåäûäóùàÿ òåîðåìà âåðíà è äëÿ îäíîñòîðîííèõ ïðåäåëîâ.

Îïðåäåëåíèå

Ïóñòü âåêòîð-ôóíêöèÿ ~r îïðåäåëåíà íà U(t0). Îíà íàçûâàåòñÿ íåïðåðûâíîé â

òî÷êå t0, åñëè lim
t→t0

~r(t) = ~r(t0).

Èç ñâîéñòâ ïðåäåëîâ âåêòîð-ôóíêöèé ñëåäóåò, ÷òî íåïðåðûâíîñòü
âåêòîð-ôóíêöèè ðàâíîñèëüíà íåïðåðûâíîñòè òðåõ ÷èñëîâûõ ôóíêöèé � åå
êîîðäèíàò.
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ïðåäåëîì ñïðàâà â òî÷êå t0 è ïèøóò

~r0 = lim
t→t0+0

~r(t) = ~r(t0 + 0),

åñëè lim
t→t0+0

|~r(t)−~r0| = 0.

Àíàëîãè÷íî îïðåäåëÿåòñÿ ïðåäåë ñëåâà lim
t→t0−0

~r(t) = ~r(t0 − 0).

Ïðåäûäóùàÿ òåîðåìà âåðíà è äëÿ îäíîñòîðîííèõ ïðåäåëîâ.

Îïðåäåëåíèå

Ïóñòü âåêòîð-ôóíêöèÿ ~r îïðåäåëåíà íà U(t0). Îíà íàçûâàåòñÿ íåïðåðûâíîé â

òî÷êå t0, åñëè lim
t→t0

~r(t) = ~r(t0).

Èç ñâîéñòâ ïðåäåëîâ âåêòîð-ôóíêöèé ñëåäóåò, ÷òî íåïðåðûâíîñòü
âåêòîð-ôóíêöèè ðàâíîñèëüíà íåïðåðûâíîñòè òðåõ ÷èñëîâûõ ôóíêöèé � åå
êîîðäèíàò.

TrushinBV.ru Âåêòîðíîçíà÷íûå ôóíêöèè 13 íîÿáðÿ 2013 ã. 6 / 16



Òåîðåìà

Ïóñòü âåêòîð-ôóíêöèè ~r1, ~r2 è ÷èñëîâàÿ ôóíêöèÿ f íåïðåðûâíû â òî÷êå t0.
Òîãäà ~r1 ±~r2, f~r1, (~r1,~r2), [~r1,~r2] íåïðåðûâíû â òî÷êå t0.

Äîêàçàòåëüñòâî ñëåäóåò èç ñâîéñòâ ïðåäåëîâ âåêòîð-ôóíêöèé.

Àíàëîãè÷íî îïðåäåëåíèþ íåïðåðûâíîñòè äàåòñÿ îïðåäåëåíèå îäíîñòîðîííåé
íåïðåðûâíîñòè. Íà ýòîò ñëó÷àé ïåðåíîñÿòñÿ ñâîéñòâà, óêàçàííûå â ïîñëåäíåé
òåîðåìå.
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Òåîðåìà

Ïóñòü âåêòîð-ôóíêöèè ~r1, ~r2 è ÷èñëîâàÿ ôóíêöèÿ f íåïðåðûâíû â òî÷êå t0.
Òîãäà ~r1 ±~r2, f~r1, (~r1,~r2), [~r1,~r2] íåïðåðûâíû â òî÷êå t0.

Äîêàçàòåëüñòâî ñëåäóåò èç ñâîéñòâ ïðåäåëîâ âåêòîð-ôóíêöèé.

Àíàëîãè÷íî îïðåäåëåíèþ íåïðåðûâíîñòè äàåòñÿ îïðåäåëåíèå îäíîñòîðîííåé
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Ïðîèçâîäíàÿ âåêòîð-ôóíêöèè ~r = ~r(t), îïðåäåëåííîé íà U(t0), îïðåäåëÿåòñÿ
êàê ïðåäåë

~r ′(t0) = lim
∆t→0

~r0(t0 + ∆t)−~r(t0)

∆t
,

åñëè ýòîò ïðåäåë ñóùåñòâóåò.

Åñëè ~r(t) = (x(t), y(t), z(t)), òî

~r ′(t) = (x ′(t), y ′(t), z ′(t)).

Îäíîñòîðîííèå ïðîèçâîäíûå âåêòîð-ôóíêöèè îïðåäåëÿþòñÿ êàê
ñîîòâåòñòâóþùèå îäíîñòîðîííèå ïðåäåëû îòíîøåíèÿ ïðèðàùåíèÿ
âåêòîð-ôóíêöèè ê ïðèðàùåíèþ àðãóìåíòà.
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Îïðåäåëåíèå

Âåêòîð-ôóíêöèÿ ~r = ~r(t), îïðåäåëåííàÿ íà U(t0), íàçûâàåòñÿ
äèôôåðåíöèðóåìîé â òî÷êå t0, åñëè ïðè t = t0 + ∆t ∈ Ů(t0)

~r(t0 + ∆t)−~r(t0) = ~A∆t + ~ε(∆t)∆t,

ãäå ~ε(∆t)→ ~0 ïðè ∆t → 0.

Êàê è â ñëó÷àå ÷èñëîâûõ ôóíêöèé, ïîêàçûâàåòñÿ, ÷òî ñóùåñòâîâàíèå
ïðîèçâîäíîé ~r ′(t0) è äèôôåðåíöèðóåìîñòü ~r â òî÷êå t0 � ýêâèâàëåíòíûå

ñâîéñòâà è ÷òî ~A = ~r ′(t0).
Äèôôåðåíöèðóåìîñòü ~r â òî÷êå t0 (ñóùåñòâîâàíèå ~r ′(t0)) âëå÷åò, î÷åâèäíî,
íåïðåðûâíîñòü ~r â òî÷êå t0.
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Îïðåäåëåíèå

Âåêòîð-ôóíêöèÿ ~r = ~r(t), îïðåäåëåííàÿ íà U(t0), íàçûâàåòñÿ
äèôôåðåíöèðóåìîé â òî÷êå t0, åñëè ïðè t = t0 + ∆t ∈ Ů(t0)
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Äèôôåðåíöèàëîì âåêòîð-ôóíêöèè ~r â òî÷êå t0 íàçûâàåòñÿ ëèíåéíàÿ ôóíêöèÿ

d~r(t0) = ~r ′(t0) dt, −∞ < dt < +∞.

Òåîðåìà

Ïóñòü â òî÷êå t0 ñóùåñòâóþò ïðîèçâîäíûå âåêòîð-ôóíêöèé ~r1, ~r2 è ÷èñëîâîé
ôóíêöèè f . Òîãäà â òî÷êå t0 ñóùåñòâóþò ïðîèçâîäíûå

1 (~r1 +~r2)′ = ~r ′1 +~r ′2;

2 (f~r1)′ = f ′~r1 + f~r ′1;

3 (~r1,~r2)′ = (~r ′1,~r2) + (~r1,~r
′
2);

4 [~r1,~r2]′ = [~r ′1,~r2] + [~r1,~r
′
2].
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Âûâåäåì ïðàâèëî äèôôåðåíöèðîâàíèÿ ñëîæíîé âåêòîð-ôóíêöèè ~r(t(τ)),
τ ∈ U(τ0).

Èç ðàâåíñòâà ~r(t(τ)) =
(
x(t(τ)), y(t(τ)), z(t(τ))

)
äèôôåðåíöèðîâàíèåì

ïîëó÷àåì

d

dt
~r(t(τ)) =

(
x ′(t(τ))t ′(τ), y ′(t(τ))t ′(τ), z ′(t(τ))t ′(τ)

)
= ~r ′(t(τ))t ′(τ).

Èç ýòîé ôîðìóëû ïîëó÷àåì âûðàæåíèå äëÿ äèôôåðåíöèàëà ñëîæíîé
âåêòîð-ôóíêöèè:

d~r = ~r ′t ′ dτ = ~r ′ dt.

Êàê âèäèì, äèôôåðåíöèàë d~r çàïèñûâàåòñÿ â òîì æå âèäå d~r = ~r ′ dt, êàê è â
ñëó÷àå, êîãäà t � íåçàâèñèìîå ïåðåìåííîå. Â ýòîì ñîñòîèò ñâîéñòâî
èíâàðèàíòíîñòè ôîðìû äèôôåðåíöèàëà ïåðâîãî ïîðÿäêà.
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Ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ è äèôôåðåíöèàëû âûñøèõ ïîðÿäêîâ
âåêòîð-ôóíêöèé îïðåäåëÿþòñÿ àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî äëÿ
÷èñëîâûõ ôóíêöèé. Èìåííî, ~r ′′(t) = (~r ′(t))′ è âîîáùå ~r (n)(t) = (~r (n−1)(t))′,

d2~r(t) = d(d~r(t))
∣∣
dt=dt

= d(~r ′(t) dt)
∣∣
dt=dt

= ~r ′′(t)dt2,

è âîîáùå

dn~r(t) = d(dn−1~r(t))
∣∣
dt=dt

= d(~r (n−1)(t)dtn−1)
∣∣
dt=dt

= ~r (n)(t)dtn.
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Òåîðåìà (ôîðìóëà Òåéëîðà)

Ïóñòü ñóùåñòâóåò ~r (n)(t0). Òîãäà ñóùåñòâóåò îêðåñòíîñòü U(t0) òàêàÿ, ÷òî ïðè
t ∈ Ů(t0)

~r(t) =
n∑

k=0

~r (k)(t0)

k!
(t − t0)k + ~ε(t − t0)(t − t0)n,

ãäå ~ε(t − t0)→ ~0 ïðè t → t0.

Äîêàçàòåëüñòâî. Êàæäóþ êîîðäèíàòó âåêòîð-ôóíêöèè ~r(t) = (x(t), y(t), z(t))
çàìåíèì åå ðàçëîæåíèåì ïî ôîðìóëå Òåéëîðà. Ïîëó÷åííîå ïðåäñòàâëåíèå
~r(t) çàïèøåì â âèäå ñóììû âåêòîðîâ, ñòîÿùèõ â ïðàâîé ÷àñòè äîêàçûâàåìîé
ôîðìóëû Òåéëîðà.
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Îïðåäåëåíèå

Âåêòîð-ôóíêöèþ ~r íàçûâàþò íåïðåðûâíîé íà ïðîìåæóòêå, åñëè îíà
íåïðåðûâíà â êàæäîé òî÷êå ïðîìåæóòêà.

Îïðåäåëåíèå

Âåêòîð-ôóíêöèþ ~r íàçûâàþò äèôôåðåíöèðóåìîé íà ïðîìåæóòêå, åñëè îíà
äèôôåðåíöèðóåìà â êàæäîé òî÷êå ïðîìåæóòêà.

Ïðè ýòîì íåïðåðûâíîñòü è äèôôåðåíöèðóåìîñòü â êîíöàõ îòðåçêà
ïðîìåæóòêà ïîíèìàåòñÿ êàê îäíîñòîðîííÿÿ.
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Ïðè ýòîì íåïðåðûâíîñòü è äèôôåðåíöèðóåìîñòü â êîíöàõ îòðåçêà
ïðîìåæóòêà ïîíèìàåòñÿ êàê îäíîñòîðîííÿÿ.

TrushinBV.ru Âåêòîðíîçíà÷íûå ôóíêöèè 13 íîÿáðÿ 2013 ã. 14 / 16



Áîëüøèíñòâî ñâîéñòâ ÷èñëîâûõ ôóíêöèé ïåðåíîñÿòñÿ íà âåêòîð-ôóíêöèè.

Íî
íå âñå. Ðàññìîòðèì ôîðìóëó êîíå÷íûõ ïðèðàùåíèé Ëàãðàíæà. Ïóñòü
~r(t) = (cos t, sin t, 0), 0 6 t 6 2π. Òîãäà ~r ′(t) = (− sin t, cos t, 0), |~r ′(t)| = 1 è

~0 = ~r(2π)−~r(0) 6= ~r ′(c)(2π − 0)

íè ïðè êàêîì çíà÷åíèè c .
Ñïðàâåäëèâ, îäíàêî, âåêòîðíûé àíàëîã îöåíêè, âûòåêàþùåé èç òåîðåìû
Ëàãðàíæà.

TrushinBV.ru Âåêòîðíîçíà÷íûå ôóíêöèè 13 íîÿáðÿ 2013 ã. 15 / 16



Áîëüøèíñòâî ñâîéñòâ ÷èñëîâûõ ôóíêöèé ïåðåíîñÿòñÿ íà âåêòîð-ôóíêöèè. Íî
íå âñå. Ðàññìîòðèì ôîðìóëó êîíå÷íûõ ïðèðàùåíèé Ëàãðàíæà. Ïóñòü
~r(t) = (cos t, sin t, 0), 0 6 t 6 2π. Òîãäà ~r ′(t) = (− sin t, cos t, 0), |~r ′(t)| = 1 è

~0 = ~r(2π)−~r(0) 6= ~r ′(c)(2π − 0)

íè ïðè êàêîì çíà÷åíèè c .

Ñïðàâåäëèâ, îäíàêî, âåêòîðíûé àíàëîã îöåíêè, âûòåêàþùåé èç òåîðåìû
Ëàãðàíæà.

TrushinBV.ru Âåêòîðíîçíà÷íûå ôóíêöèè 13 íîÿáðÿ 2013 ã. 15 / 16



Áîëüøèíñòâî ñâîéñòâ ÷èñëîâûõ ôóíêöèé ïåðåíîñÿòñÿ íà âåêòîð-ôóíêöèè. Íî
íå âñå. Ðàññìîòðèì ôîðìóëó êîíå÷íûõ ïðèðàùåíèé Ëàãðàíæà. Ïóñòü
~r(t) = (cos t, sin t, 0), 0 6 t 6 2π. Òîãäà ~r ′(t) = (− sin t, cos t, 0), |~r ′(t)| = 1 è

~0 = ~r(2π)−~r(0) 6= ~r ′(c)(2π − 0)

íè ïðè êàêîì çíà÷åíèè c .
Ñïðàâåäëèâ, îäíàêî, âåêòîðíûé àíàëîã îöåíêè, âûòåêàþùåé èç òåîðåìû
Ëàãðàíæà.

TrushinBV.ru Âåêòîðíîçíà÷íûå ôóíêöèè 13 íîÿáðÿ 2013 ã. 15 / 16



Òåîðåìà

Ïóñòü âåêòîð-ôóíêöèÿ ~r íåïðåðûâíà íà [a; b] è äèôôåðåíöèðóåìà íà (a; b).
Òîãäà ∃ c ∈ (a; b):

|~r(b)−~r(a)| 6 |~r ′(c)|(b − a).

Äîêàçàòåëüñòâî. Ñ÷èòàÿ, ÷òî ~r(b) 6= ~r(a), ïîëîæèì ~e =
~r(b)−~r(a)

|~r(b)−~r(a)|
. Òîãäà

|~e| = 1 è

|~r(b)−~r(a)| = (~r(b)−~r(b),~e) = (~r(b),~e)− (~r(a),~e).

Ðàññìîòðèì ôóíêöèþ f (t) = (~r(t),~e). Äëÿ íåå âûïîëíåíû óñëîâèÿ òåîðåìû
Ëàãðàíæà. Ïîýòîìó

∃ c ∈ (a; b) : |~r(b)−~r(a)| = f (b)− f (a) = f ′(c)(b − a) = (~r ′(c),~e)(b − a).

Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû.
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