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Íåîïðåäåëåííûé èíòåãðàë
Èíòåãðèðîâàíèå ðàöèîíàëüíûõ äðîáåé

Âñÿêóþ ðàöèîíàëüíóþ äðîáü ìîæíî ïðåäñòàâèòü â âèäå ñóììû ìíîãî÷ëåíà è
ïðàâèëüíîé ðàöèîíàëüíîé äðîáè, êîòîðóþ â ñâîþ î÷åðåäü ìîæíî ðàçëîæèòü
íà ñóììó ïðîñòåéøèõ.

Ïîýòîìó èíòåãðèðîâàíèå ðàöèîíàëüíûõ äðîáåé ñâîäèòñÿ ê çàäà÷å
èíòåãðèðîâàíèÿ ïðîñòåéøèõ äðîáåé.

Èíòåãðàë

∫
A

(x − a)n
dx ñ ïîìîùüþ ïîäñòàíîâêè t = x − a ñâîäèòñÿ ê

òàáëè÷íîìó èíòåãðàëó.
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Äëÿ âû÷èñëåíèÿ èíòåãðàëà In =

∫
Mx + N

(x2 + px + q)n
dx ïðåäñòàâèì êâàäðàòíûé

òðåõ÷ëåí x2 + px + q â âèäå
(
x +

p

2

)2
+

(
q − p2

4

)
.

Ïîëîæèâ a2 = q − p2

4
> 0

è ñäåëàâ â In ïîäñòàíîâêó t = x +
p

2
, ïîëó÷àåì

In =

∫ Mt +
(
N − Mp

2

)
(t2 + a2)n

dt =

=
M

2

∫
2t dt

(t2 + a2)n
+ b

∫
dt

(t2 + a2)n
= c

∫
d(t2 + a2)

(t2 + a2)n
+ bJn.

Âî âñåõ èíòåãðàëàõ ýòîé öåïî÷êè, çàâèñÿùèõ îò t, ïîñëå èõ íàõîæäåíèÿ

âìåñòî t ñëåäóåò ïîäñòàâèòü t = x +
p

2
.

Ïåðâûé èç èíòåãðàëîâ ïðàâîé ÷àñòè ñâîäèòñÿ ïîäñòàíîâêîé ê òàáëè÷íîìó.
Îñòàåòñÿ íàéòè èíòåãðàë Jn.
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Âû÷èñëèì ïðè n > 2 èíòåãðàë

Jn =

∫
dt

(t2 + a2)n
=

1

a2

∫
a2 dt

(t2 + a2)n
=

=
1

a2

∫
((t2 + a2)− t2) dt

(t2 + a2)n
=

1

a2
Jn−1 −

1

2a2

∫
t

2t dt

(t2 + a2)n
.

Äëÿ íàõîæäåíèÿ ïîñëåäíåãî èíòåãðàëà ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ

ïî ÷àñòÿì, ñ÷èòàÿ u = t, v ′ =
2t

(t2 + a2)n
, v = − 1

(n − 1)(t2 + a2)n−1
.
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Ïîëó÷èì

Jn =
1

a2
Jn−1 +

t

2a2(n − 1)(t2 + a2)n−1
− 1

2a2(n − 1)
Jn−1.

Îòñþäà ïîëó÷àåì ðåêóððåíòíóþ ôîðìóëó

Jn =
2n − 3

2a2(n − 1)
Jn−1 +

t

2a2(n − 1)(t2 + a2)n−1
.

Çíàÿ

J1 =

∫
dt

t2 + a2
=

1

a

∫ d
( t
a

)
( t
a

)2
+ 1

=
1

a
arctg

t

a
,

ìû ìîæåì ïî ðåêóððåíòíîé ôîðìóëå íàéòè ïîñëåäîâàòåëüíî J2, J3, . . .
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Íåîïðåäåëåííûé èíòåãðàë
Èíòåãðèðîâàíèå íåêîòîðûõ èððàöèîíàëüíûõ ôóíêöèé

Îïðåäåëåíèå

Ôóíêöèÿ âèäà ∑
k1+···+kn6k

ak1,...,knu
k1
1 . . . uknn , ki ∈ N0, i = 1, . . . , n,

íàçûâàåòñÿ ìíîãî÷ëåíîì îò ïåðåìåííûõ u1, . . . , un.

Ôóíêöèÿ âèäà

R(u1, . . . , un) =
P(u1, . . . , un)

Q(u1, . . . , un)
,

ãäå P, Q � ìíîãî÷ëåíû îò ïåðåìåííûõ u1, . . . , un, íàçûâàåòñÿ ðàöèîíàëüíîé

ôóíêöèåé îò u1, . . . , un.
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1◦. Ðàññìîòðèì

I =

∫
R

(
x ,

(
ax + b

cx + d

)r1

, . . . ,

(
ax + b

cx + d

)rs)
dx ,

ãäå r1, . . . , rs ∈ Q.

Ïðèâåäåì ri ê îáùåìó çíàìåíàòåëþ: ri =
pi
m
, ãäå m ∈ N, pi ∈ Z (i = 1, . . . , s).

Ââåäåì íîâîå ïåðåìåííîå t ðàâåíñòâîì tm =
ax + b

cx + d
. Òîãäà

x =
dtm − b

a− ctm
= ρ(t) � ðàöèîíàëüíàÿ ôóíêöèÿ, dx = ρ′(t) dt, ãäå ρ′(t) � òîæå

ðàöèîíàëüíàÿ ôóíêöèÿ.Ïðîèçâîäÿ çàìåíó ïåðåìåííîãî â èíòåãðàëå I ,
ïîëó÷àåì

I =

∫
R

(
dtm − b

a− ctm
, tp1 , . . . , tps

)
ρ′(t) dt,

ãäå ïîä çíàêîì èíòåãðàëà ñòîèò ðàöèîíàëüíàÿ ôóíêöèÿ îò t, èíòåãðàë îò
êîòîðîé ìû óìååì íàõîäèòü.
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cx + d
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x =
dtm − b

a− ctm
= ρ(t) � ðàöèîíàëüíàÿ ôóíêöèÿ, dx = ρ′(t) dt, ãäå ρ′(t) � òîæå

ðàöèîíàëüíàÿ ôóíêöèÿ.Ïðîèçâîäÿ çàìåíó ïåðåìåííîãî â èíòåãðàëå I ,
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dtm − b

a− ctm
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2◦. Èíòåãðàë âèäà

∫
R(x ,

√
ax2 + bx + c) dx ìîæåò áûòü ñâåäåí ê èíòåãðàëó

îò ðàöèîíàëüíîé ôóíêöèè ñ ïîìîùüþ îäíîé èç ïîäñòàíîâîê Ýéëåðà.

Ñëó÷àé 1. Åñëè a > 0. Ìîæíî ïðèìåíèòü çàìåíó x íà t, îïðåäåëÿåìóþ
ôîðìóëîé √

ax2 + bx + c = ±x
√
a+ t,

îòêóäà x =
t2 − c

b ∓ 2t
√
a
.

Ñëó÷àé 2. Åñëè c > 0. Ïðèìåíÿåòñÿ çàìåíà x íà t, îïðåäåëÿåìàÿ ôîðìóëîé√
ax2 + bx + c = ±

√
c + xt.

Ñëó÷àé 3. Åñëè êîðíè x1 6= x2 òðåõ÷ëåíà ax2 + bx + c äåéñòâèòåëüíû. Ìîæíî
ïðèìåíèòü çàìåíó x íà t, îïðåäåëÿåìóþ ôîðìóëîé√

a(x − x1)(x − x2) = (x − x1)t.
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3◦. Èíòåãðàëîì îò áèíîìèàëüíîãî äèôôåðåíöèàëà íàçûâàåòñÿ

I =

∫
xm(a+ bxn)pdx

(a 6= 0, b 6= 0; m, n, p ∈ Q).

Ïðèìåíèâ çàìåíó x = t
1
n , dx = 1

n t
1
n−1dt, ïîëó÷èì

I =
1

n

∫
(a+ bt)pt

m+1
n −1dt + C ,

òàê ÷òî çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ èíòåãðàëà âèäà

J =

∫
(a+ bt)ptqdt (p, q ∈ Q, q =

m + 1

n
− 1).
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Ýòîò èíòåãðàë â òðåõ ñëó÷àÿõ (è íè â êàêèõ äðóãèõ) ñâîäèòñÿ ê èíòåãðàëó îò
ðàöèîíàëüíîé äðîáè.

Ñëó÷àé 1. p � öåëîå ÷èñëî.
Ñëó÷àé 2. q � öåëîå ÷èñëî.
Ñëó÷àé 3. p + q � öåëîå ÷èñëî.
Â ñàìîì äåëå, â óêàçàííûõ ñëó÷àÿõ èíòåãðàë J èìååò âèä èíòåãðàëà,
ðàññìîòðåííîãî â 1◦. Â ñëó÷àÿõ 1 è 2 ýòî î÷åâèäíî, â ñëó÷àå 3 ýòî
ñòàíîâèòñÿ ÿñíûì ïîñëå çàïèñè J â âèäå

J =

∫ (
a+ bt

t

)p

tp+qdt.

Èòàê, èíòåãðàë I ñâîäèòñÿ ê èíòåãðàëó îò ðàöèîíàëüíûõ ôóíêöèé â ñëó÷àÿõ

öåëûõ p,
m + 1

n
èëè

m + 1

n
+ p.

Â äðóãèõ ñëó÷àÿõ èíòåãðàë I íå ÿâëÿåòñÿ ýëåìåíòàðíîé ôóíêöèåé, ÷òî áûëî
äîêàçàíî Ï.Ë. ×åáûøåâûì.
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Èòàê, èíòåãðàë I ñâîäèòñÿ ê èíòåãðàëó îò ðàöèîíàëüíûõ ôóíêöèé â ñëó÷àÿõ

öåëûõ p,
m + 1

n
èëè

m + 1

n
+ p.

Â äðóãèõ ñëó÷àÿõ èíòåãðàë I íå ÿâëÿåòñÿ ýëåìåíòàðíîé ôóíêöèåé, ÷òî áûëî
äîêàçàíî Ï.Ë. ×åáûøåâûì.
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4◦. Èíòåãðàë âèäà

I =

∫
R(sin x , cos x) dx

ñâîäèòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé äðîáè óíèâåðñàëüíîé

òðèãîíîìåòðè÷åñêîé ïîäñòàíîâêîé

u = tg
x

2
, −π < x < π.
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Â ñàìîì äåëå, òîãäà

sin x =
2 sin x

2 cos
x
2

cos2 x
2 + sin2 x

2

=
2 tg x

2

1 + tg2 x
2

=
2u

1 + u2
,

cos x =
cos2 x

2 − sin2 x
2

cos2 x
2 + sin2 x

2

=
1− tg2 x

2

1 + tg2 x
2

=
1− u2

1 + u2
,

x = 2arctg u, dx =
2du

1 + u2
,

òàê ÷òî

I = 2

∫
R

(
2u

1 + u2
,
1− u2

1 + u2

)
du

1 + u2
.
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