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Ñâîéñòâà äèôôåðåíöèðóåìûõ ôóíêöèé
Ïðàâèëî Ëîïèòàëÿ

Ïóñòü â çàäà÷å î íàõîæäåíèè ïðåäåëà îòíîøåíèÿ
f (x)

g(x)
ïðè x → x0 è

÷èñëèòåëü è çíàìåíàòåëü ñòðåìÿòñÿ ê íóëþ èëè îáà ñòðåìÿòñÿ ê
áåñêîíå÷íîñòè. Â ýòèõ ñëó÷àÿõ ãîâîðÿò, ÷òî ìû èìååì äåëî ñ

íåîïðåäåëåííîñòüþ âèäà
0

0
èëè

∞
∞

ñîîòâåòñòâåííî. Íàõîæäåíèå ýòîãî

ïðåäåëà (åñëè îí ñóùåñòâóåò) íàçûâàþò ðàñêðûòèåì íåîïðåäåëåííîñòè.
Îäíèì èç ïðèåìîâ ðàñêðûòèÿ íåîïðåäåëåííîñòè ÿâëÿåòñÿ ñïîñîá,
íàçûâàåìûé ïðàâèëîì Ëîïèòàëÿ è ñîñòîÿùèé â òîì, ÷òî âû÷èñëåíèå
ïðåäåëà îòíîøåíèÿ ôóíêöèé çàìåíÿåòñÿ âû÷èñëåíèåì ïðåäåëà îòíîøåíèÿ èõ
ïðîèçâîäíûõ.
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Òåîðåìà

Ïóñòü

1 ôóíêöèè f , g äèôôåðåíöèðóåìû íà èíòåðâàëå (a; b), b − a <∞;

2 lim
x→a+0

f (x) = lim
x→a+0

g(x) = 0;

3 g ′ 6= 0 íà (a; b);

4 ñóùåñòâóåò lim
x→a+0

f ′(x)

g ′(x)
∈ R.

Òîãäà ñóùåñòâóåò

lim
x→a+0

f (x)

g(x)
= lim

x→a+0

f ′(x)

g ′(x)
.

Äîêàçàòåëüñòâî. Äîîïðåäåëèì f , g â òî÷êå a, ïîëîæèâ f (a) = g(a) = 0. Òîãäà
ôóíêöèè f , g íåïðåðûâíû íà [a; b). Ïî òåîðåìå Êîøè î ñðåäíåì

f (x)

g(x)
=

f (x)− f (a)

g(x)− g(a)
=

f ′(c(x))

g ′(c(x))
, a < c(x) < x < b.
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Ïóñòü lim
x→a+0

f ′(x)

g ′(x)
= A ∈ R, ε > 0. Òîãäà

lim
x→a+0

f (x)

g(x)
= lim

x→a+0

f ′(c(x))

g ′(c(x))
= A,

òàê êàê lim
x→a+0

c(x) = a è c(x) 6= a.
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Òåîðåìà

Ïóñòü

1 ôóíêöèè f , g äèôôåðåíöèðóåìû íà (a,+∞), a > 0;

2 lim
x→+∞

f (x) = lim
x→+∞

g(x) = 0;

3 g ′ 6= 0 íà (a,+∞);

4 ñóùåñòâóåò lim
x→+∞

f ′(x)

g ′(x)
∈ R.

Òîãäà ñóùåñòâóåò

lim
x→+∞

f (x)

g(x)
= lim

x→+∞

f ′(x)

g ′(x)
.
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Äîêàçàòåëüñòâî. Ïóñòü lim
x→+∞

f ′(x)

g ′(x)
= A ∈ R. Ðàññìîòðèì ñëîæíûå ôóíêöèè

f

(
1

t

)
, g

(
1

t

)
ïðè t ∈

(
0,

1

a

)
. Òîãäà

lim
t→0+0

d

dt
f

(
1

t

)
d

dt
g

(
1

t

) = lim
t→0+0

f ′
(
1

t

)(
− 1

t2

)
g ′

(
1

t

)(
− 1

t2

) = A.

Ïî ïðåäûäóùåé òåîðåìå ∃ lim
t→0+0

f

(
1

t

)
g

(
1

t

) = A.

Îòñþäà ñëåäóåò, ÷òî ∃ lim
x→+∞

f (x)

g(x)
= A.
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Òåîðåìà

Ïóñòü

1 ôóíêöèè f , g äèôôåðåíöèðóåìû íà èíòåðâàëå (a; b), −∞ < a < b <∞;

2 lim
x→a+0

f (x) = ±∞, lim
x→a+0

g(x) = ±∞;

3 g ′ 6= 0 íà (a; b);

4 ñóùåñòâóåò lim
x→a+0

f ′(x)

g ′(x)
∈ R.

Òîãäà ñóùåñòâóåò

lim
x→a+0

f (x)

g(x)
= lim

x→a+0

f ′(x)

g ′(x)
.
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Äîêàçàòåëüñòâî. Ïóñòü lim
x→a+0

f ′(x)

g ′(x)
= A ∈ R.

∀ ε > 0 → ∃ xε ∈ (a; b) : ∀ x ∈ (a, xε) →
f ′(x)

g ′(x)
∈ Uε(A).

Ïðè a < x < xε ïî òåîðåìå Êîøè î ñðåäíåì

∃ c ∈ (a, xε) :
f (x)− f (xε)

g(x)− g(xε)
=

f ′(c)

g ′(c)
.

Âûáåðåì òåïåðü δ > 0 ñòîëü ìàëûì, ÷òî ïðè a < x < a+ δ < xε < b:

f (x) 6= 0, g(x) 6= 0,

∣∣∣∣ f (xε)f (x)

∣∣∣∣ < ε,

∣∣∣∣g(xε)g(x)

∣∣∣∣ < ε.
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Òîãäà äëÿ x ∈ (a; a+ δ):

f (x)− f (xε)

g(x)− g(xε)
=

f ′(c)

g ′(c)
⇔

⇔ f (x)

g(x)
=

1− g(xε)

g(x)

1− f (xε)

f (x)

· f
′(c)

g ′(c)
.

Ïåðâûé ìíîæèòåëü ïðèíàäëåæèò èíòåðâàëó

(
1− ε
1 + ε

;
1 + ε

1− ε

)
. Âòîðîé

ìíîæèòåëü ïðèíàäëåæèò Uε(A). Ñëåäîâàòåëüíî, ïðè íåêîòîðîì α = α(ε)

(òàêîì, ÷òî α→ 0 ïðè ε→ 0)
f (x)

g(x)
∈ Uα(A). Çíà÷èò, lim

x→a+0

f (x)

g(x)
= A.

Òåîðåìà äîêàçàíà.

Çàìå÷àíèå

Ýòè òåîðåìû îñòàþòñÿ â ñèëå â ñëó÷àÿõ ïðåäåëüíûõ ïåðåõîäîâ x → a+ 0,
x → a− 0, x → a, x → +∞, x → −∞ ñ ñîîòâåòñòâóþùèìè èçìåíåíèÿìè èõ
ôîðìóëèðîâîê.
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Ïðèìåð

Íàéäèòå lim
x→+∞

ln x

xα
, α > 0.

Ðåøåíèå. Èìååì

lim
x→+∞

ln x

xα
= lim

x→+∞

1

x
αxα−1

= lim
x→+∞

1

αxα
= 0.

Çäåñü ïåðâîå ðàâåíñòâî íàïèñàíî ïðè óñëîâèè, ÷òî ïðåäåë åãî ïðàâîé ÷àñòè
ñóùåñòâóåò, è ñòàíîâèòñÿ îïðàâäàííûì ïîñëå äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ
ýòîãî ïðåäåëà.
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Ïðèìåð

Íàéäèòå lim
x→+∞

xn

ax
, n ∈ N, a > 1.

Ðåøåíèå. Èìååì

lim
x→+∞

xn

ax
= lim

x→+∞

nxn−1

ax ln a
= lim

x→+∞

n(n − 1)xn−2

ax ln2 a
= . . . =

= lim
x→+∞

n!

ax lnn a
= 0.
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Ïðàâèëî Ëîïèòàëÿ ïîìîãàåò ðàñêðûòü íåîïðåäåëåííîñòè âèäà 0
0 è ∞∞ .

Âñòðå÷àþòñÿ è äðóãèå âèäû íåîïðåäåëåííîñòåé:

0 · ∞, +∞− (+∞), (+0)0, (+∞)0, 1∞.

Êàæäàÿ èç íèõ ñâîäèòñÿ ê óæå ðàññìîòðåííûì. Íàïðèìåð,

0 · ∞ =
0

1/∞
=
∞
1/0

;

+∞− (+∞) = ln e+∞ − ln e+∞ = ln
e+∞

e+∞
;

(+0)0 = e0 ln +0;

(+∞)0 = e0 ln +∞;

1∞ = e∞ ln 1.

Óïðàæíåíèå

Íàéäèòå limx→0+0 x
x .

TrushinBV.ru Ïðàâèëî Ëîïèòàëÿ 16 îêòÿáðÿ 2013 ã. 12 / 12



Ïðàâèëî Ëîïèòàëÿ ïîìîãàåò ðàñêðûòü íåîïðåäåëåííîñòè âèäà 0
0 è ∞∞ .

Âñòðå÷àþòñÿ è äðóãèå âèäû íåîïðåäåëåííîñòåé:

0 · ∞, +∞− (+∞), (+0)0, (+∞)0, 1∞.

Êàæäàÿ èç íèõ ñâîäèòñÿ ê óæå ðàññìîòðåííûì. Íàïðèìåð,

0 · ∞ =
0

1/∞
=
∞
1/0

;

+∞− (+∞) = ln e+∞ − ln e+∞ = ln
e+∞

e+∞
;

(+0)0 = e0 ln +0;

(+∞)0 = e0 ln +∞;

1∞ = e∞ ln 1.

Óïðàæíåíèå

Íàéäèòå limx→0+0 x
x .

TrushinBV.ru Ïðàâèëî Ëîïèòàëÿ 16 îêòÿáðÿ 2013 ã. 12 / 12



Ïðàâèëî Ëîïèòàëÿ ïîìîãàåò ðàñêðûòü íåîïðåäåëåííîñòè âèäà 0
0 è ∞∞ .

Âñòðå÷àþòñÿ è äðóãèå âèäû íåîïðåäåëåííîñòåé:

0 · ∞, +∞− (+∞), (+0)0, (+∞)0, 1∞.

Êàæäàÿ èç íèõ ñâîäèòñÿ ê óæå ðàññìîòðåííûì. Íàïðèìåð,

0 · ∞ =
0

1/∞
=
∞
1/0

;

+∞− (+∞) = ln e+∞ − ln e+∞ = ln
e+∞

e+∞
;

(+0)0 = e0 ln +0;

(+∞)0 = e0 ln +∞;

1∞ = e∞ ln 1.

Óïðàæíåíèå

Íàéäèòå limx→0+0 x
x .

TrushinBV.ru Ïðàâèëî Ëîïèòàëÿ 16 îêòÿáðÿ 2013 ã. 12 / 12


